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Chapter 1

Introduction

Quantum gauge field theories describe fundamental interactions. The description of
the interactions among photons and various charged particles is given by an Abelian
gauge theory i.e. quantum electrodynamics (QED) and it is very successful. This
success encourages us to describe the electromagnetic, weak and strong interactions
in nature by gauge theories. Unlike QED, weak and strong interactions are described
by Yang-Mills theory [1]. Unification of electromagnetic and weak interactions [2—4]
into the electroweak theory is quite successful in the Standard model of particle
physics.

In this thesis, we will consider non-Abelian generalization of a topologically mas-
sive model [5-7] in 341 dimension where the gauge fields become massive keeping the
global symmetry unbroken. This model contains a two form field B,,,, known as Kalb
Ramond (KR) field [8] which couples with A, through a term mBAF = 2P B, F,
term, where F, is the field strength of one form gauge field A,. This coupling term
is four dimensional generalization of Chern Simons term. Massless B,,, field has only
one degree of freedom whereas massless A,, field has two degrees of freedom [8]. But
if B* is taken to be massive then it has three degrees of freedom like the massive A*

1



field. The fields become massive in this model without a residual degrees of freedom
like Higgs field in Higgs mechanism [9-11]. Our convention for the signature of metric
is (+,—,—,—).

We will consider the application of the model in quantum chromodynamics (QCD)
because it is believed that QCD is described by unbroken SU(3) Yang-Mills (YM)
theory [12-15]. The non-Abelian gauge fields in YM theory are the source of them-
selves i.e. they carry the color charges. As a consequence there are various non-linear
interactions among the massless gauge bosons in a YM theory. Instead of taking
massless we consider massive gauge fields because mass of the gauge boson plays im-
portant roles in the perturbative analysis in QCD. We will consider elastic scatterings
among massive non-Abelian gauge bosons and the behaviour of gauge coupling con-
stant with energy scale in the topologically massive model in this thesis which depend
on perturbation technique. But there is a limitation in the use of this technique in
non-Abelian gauge theory. This technique can be used in YM theory at higher energy
because the strength of the strong interaction decreases with increase of energy scale.
As a consequence, the interaction becomes weak at high energy and it can be treated
in perturbation theory. This behaviour of the coupling strength is known as asymp-
totic freedom [16-23|. The variation of strong coupling constant o, with the energy
scale () in massless Yang-Mills theory with matter fields from one loop correction is

given by

dg @S /11 2 1
— 8(q) = — SN IN,— =N, 1.1
din Bl9) =162\ 3 3776 (1)

where ¢ is the gauge coupling constant in Yang-Mills theory. Here N, is the num-
ber of colors, Ny and N, are the number of flavours of fermions and scalar bosons

respectively. From the above expression, we get

as(Q) = W, (1.2)



where

2

g 11 2 1
=, b=—N,— -N;—-N, . 1.3
Ry 3 37 7% (1.3)

A is the energy scale which is defined as

—0, (1.4)

which tells that at the energy scale A, the coupling strength becomes very large and
consequently the quarks are strongly bound or confined in the hadrons. Present value
of A is few hundred MeV [24] for six flavours of quarks and no scalar. The behaviour
of ay at high energy can be found experimentally where a deep inelastic scattering
phenomena takes place between electron and proton. At high energy, the electrons
can interact with quarks and gluons in the hadron and produce many particles in the
final state. This process is characterised by two kinematic variables: i) the momentum
transfer ¢ and ii) the energy E of the virtual photon. If the mass of the nucleon is
M, then a dimensionless parameter is constructed in lab frame, which is known as
Bjorken z:

q2
— . 1.
YT TOME (1.5)

Here M is the mass of the proton. The proton is taken to be at rest in the analysis.
Since ¢? is a negative quantity in a scattering process, x is positive and we can show
from the kinematics that 0 < x < 1. The scattering cross-section of the process
depends on two functions F;(¢?, =), where ¢ = 1,2, which signify the structure of the
nucleon. As —¢? increases, F;’s rapidly lose the dependence on ¢? and becomes the

functions of x only:

lim Fi(¢*,x) = Fi(x). (1.6)

—q*—00



So the structure functions become independent of any mass scale. This is known as
Bjorken scaling and was first obtained by operator product expansion [25-28|. Exper-
imentally Bjorken scaling is obtained for the value of Q2 > 2(GeV)?. This behaviour
of the structure functions can be explained by the Parton model [29] where pertur-
bation theory is used to describe the interactions among virtual photon and quarks.
The process is designated as ep — eX, where X denotes the particles produced due
to interactions among electrons and quarks via photon . The calculated values of
the structure functions from the parton model agree with their experimental values
within about 10 — 15%. This explanation is only possible when we take the cou-
plings among quarks to be very weak in deep Euclidean region (—¢* — o), implying
asymptotic freedom. Asymptotic freedom also occurs for weak interaction but the
weak-coupling strength reduces much more slowly with energy as compared to the
coupling strength of strong interaction. But unlike the sources of electromagnetic and
weak interaction, the color charges are not found isolated in the experiment, they are
confined in hadrons. This confinement cannot be explained in perturbative analysis
at high energy. At the energy Q ~ A, a becomes very large and quarks and gluons
interact among themselves strongly which leads them to form bound states. In this
energy regime, perturbation technique does not work. In the perturbative analysis,
we should work in the energy regime ) > A.

We have seen from the presence of Ny and N; in the eqn.(1.2) how interactions
among the matter and gauge fields affect the behaviour of oy with energy scale. Since
we will consider a topologically massive model which contains linear and non-linear
interactions among A" and B*” fields, it will be interesting to see how the asymptotic
freedom will be affected due to the presence of the interactions of the YM and tensor
fields. We will see asymptotic freedom in this topologically massive model in the

chapter 3 of this thesis.



Confinement of colored particles is due to the behaviour of the strong coupling
strength at low energy. Its dynamical mechanism is not understood yet. However,
the mass of the gauge boson plays an important role in a possible explanation of
confinement of gluons in QCD. That is why we find that the topologically massive
model becomes very important for the analysis of QCD. Massive gauge bosons are
also important in the analysis of scattering phenomena among gauge bosons in an
unbroken non-Abelian gauge theory, which we will consider. I will give now a brief
review of some models which were built to explain confinement in non-perturbative
regime. Next we will discuss the importance of the mass of gauge boson in scattering
theory of non-Abelian gauge bosons.

There are various models built for explaining confinement. Taking the meson to
be a bound state of quarks and anti-quarks, Y. Nambu and G. Jona-Lasinio developed
their model in 1961 [30] in analogy with the paired state formed by the Cooper pair in
superconductivity. In the theory of the superconductivity developed by J. Bardeen,
L. N. Cooper, J. R. Schrieffer [31,32] and N. N. Bogoliubov [33], the ground state of
the system does not remain invariant under the global symmetry, i.e. spontaneous
symmetry breaking occurs. But the color symmetry is believed to be unbroken in
QCD. This implies that all the gluons have equal mass.

One of the very important facts regarding the structure of hadrons was found by
T. Regge. The plot of square of mass M? vs spin J of hadrons became a possible
insight of the structure of hadrons. It is a set of straight lines and each line is called
a Regge trajectory [34,35]. This plot is shown in Fig. 1.1. The straight lines are
obtained from the hadronic interaction. An important characteristic of the lines is
that they are parallel to one another. This implies that the rate of increase of the

square of mass with spin is the same for all resonances. The equation of the lines can
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Figure 1.1 Regge trajectories : M? vs JPC plot taken from [36] with the

authors’ permission.

be written as
J =g+ o' M?, (1.7)
with
o =~ 1 GeV?, (1.8)

Here aq is the Regge intercept and o’ is the Regge slope. A possible explanation of
this plot is found if the quarks are taken to be attached by strings. We imagine two
massless quarks, connected by a string of length d, rotating with a speed of light.
Each point, at a distance r from the centre, has the local velocity ? = 27;. The total

energy or mass of the string is

d
P K K
M:2/ dr___ mhd (1.9)
o (1




where K is the string tension, and the spin is

3 Krvodr K d?
J:2/O (1_02)1/2: g (1.10)

Hence we get from eqn.(1.9)-(1.10)

1
J=——M" 1.11
2r K ( )
Comparing the eqn.(1.7) and eqn.(1.11) we get
1
K = . (1.12)
2mal
Hence taking the value of o/ ~ 1 GeV?, we get
K ~0.16 GeV 2. (1.13)

Regge trajectories were further investigated deeply by G. Veneziano. He showed
in 1968 [37] that the amplitude of 2 — 2 meson-meson elastic scattering can be

interpreted as the sum of the amplitudes of the interactions among “states” obeying
J=ap+a' M3, (1.14)

where M is the mass of particle having spin J. This gives rise to the “dual resonance
model”. In this model, one calculates the amplitude for elastic scattering of mesons.
The basic assumption of the model is that the hadrons interact through the formation
of intermediate states (resonances). According to this model the sum of the scattering

amplitudes of the 2 — 2 meson-meson scattering is

A(s,t) = FF((_—Q(EZ))F—(;?S))) (1.15)

where s and ¢ are the usual Mandelstam variables and

a(r) = ap + 'z, (1.16)



and I is the gamma function. It is clear from the expression in eqn.(1.15) that the
amplitude A(s,t) is symmetric under the exchange of s and ¢. It can be shown that
the expansion of the amplitude as a power series of s or ¢ yields each term of the
expansion to be t or s channel Feynman diagrams. The amplitude has a remarkable
property. If one fixes s or ¢t and expands the amplitude in eqn.(1.15) as a power series

of t or s, then the amplitude can be written as [38]

— git’ — 955’
A(S,t) :ZS——W’ or A(S,t) = t—Mg’ (]_]_7)
J=0 J=0
gQ(Cyl)Jfl
J!

eqn.(1.17) that each term in the summation corresponds to an s-channel or ¢-channel

where g% = and M is given by eqn.(1.14). We can see from the above
process for having an intermediate resonance of spin J and mass M; which obey
the linear relation, given in eqn.(1.14). We can observe that the amplitude can be
represented by either the sum of ¢ or s-channels. This can be interpreted by crossing
symmetry. This symmetry implies that if we exchange the incoming momenta with
the outgoing momenta in the external legs, t or s, then we can get the amplitude of the

other, s or t. On the basis of dual resonance model, Susskind proposed the states to

)X

(@) ! (b)

Figure 1.2 (a) Sum of s-channels; (b) sum of ¢-channels.

be excitations of strings [39]. So if mesons are assumed to be states having quarks and

antiquarks attached by strings then we can represent the sum of the s and ¢ channels



by the diagram in Fig. 1.2. The strings sweep out a two dimensional surface which is
known as string worldsheet. We can see from this figure that topology of ¢-channel
worldsheet can be smoothly deformed into s-channel worldsheet, which shows the local
scale invariance of string theory. During the interaction among mesons, the strings
also interact with each other. Kalb-Ramond field, B,, is used in the description of
interstring interactions.

A. A. Abrikosov predicted vortex of supercurrent in type II superconductivity
when magnetic field overcomes a critical value [40]. This vortex formation is the-
oretically explained in Ginzburg-Landau model [41]. Motivated by this model, H.
B. Nielsen and P. Olesen proposed a way of construction of vortex or flux tube in
a Higgs model where U(1) global symmetry is spontaneously broken [42]. The La-

grangian density of the model is
1 v t 1 2 1 1 + 2
&L = =P Fu + Dut (D"9) + 54 (610) — 12 (619)" (1.18)

where ¢ is a complex scalar field and p and A are the constants. This Lagrangian den-
sity remains invariant under U(1) global symmetry. Associated equations of motion

are
OA* — 010" A, = j* = — [ie(¢T0"p — p0"¢") + 262 Ar¢T (2)g(2)],  (1.19)
(g %

(112 = N|o|?) — ie(2A*0,¢ + ¢D,A") + 2 AF A,h. (1.20)
The minimum of the potential

V(o) =2 (601) - 1 (00)". (121

occurs at

L
(o) [ =v=14/% (1.22)
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Let us write
o(x) = p X, (1.23)

where p and y(z) are the real functions of space-time. Invariance of ¢ under the
transformation y — x + 2mn, where n = 1,2..., shows that ¢ is single valued.
Assuming cylindrical symmetry around an axis, we can construct a vortex type field

configuration at

¢ = p(r)eme, (1.24)

where x(x) = nf(x) and r is the normal distance from the axis. Here p(r) — v in the

limit » — oo. It follows from the equation of motion of A*, given in eqn.(1.19), and

eqn.(1.23)
A=~ LjoP 1 o), (1.25)
where
= Gie(@0"6 — 60%6!) + A% (2)o(x). (1.26)

The flux of F'*” through two dimensional surface bounded by a circle at infinity is

o = /FWUW = %A“dxu. (1.27)
We assume that j# in eqn.(1.25) vanishes at infinity and we get from the eqn.(1.25)

1
@:-i%mwg:&ﬂ. (1.28)
€ €

Here n represents the number of winding around the vortex. Thus the magnetic flux
of the vortex lines is quantised, to be multiple of 2?” Now we are considering the

vortex in static configuration. We take temporal gauge A° = 0 and also E = 0. Then
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we see that the ‘kinetic energy’ of the gauge field E* = 0, where £ = F%. In this

configuration the vector potential around this vortex at r — oo is given by
1 1

We have taken n = 1, in the eqn.(1.24), which signifies that the vortex contains a

single unit of quantized flux. The flux is given by through a circle of radius r
O(r) = 2mrAp(r), (1.30)

where Ay(r) is the azimuthal component of A(r). Hence the magnitude of the mag-

netic field is

Bory= 92 1440, (1.31)

:%%_TCZT

The magnetic field is along the z-axis. Taking # component of eqn.(1.19) and using

eqn.(1.24), we have
95?1 262 Ap? = —8,Fy, (1.32)
T

which gives

d% (li (rA)) — % (% + eA> P> =0. (1.33)

rdr

There is no exact solution of the above equation. In the approximation where p = v

is constant (i.e. for r — 00), it is found

mmz—é—éxwmm, (1.34)

where K is the modified Bessel function and k is the constant of integration. In the

limit » — oo, the solution becomes

1k T
Ar) — T o / Y= exp(—euvr), (1.35)
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and lim v/ ¢f¢ = v. The magnetic field corresponding to the vector potential becomes
T—00

IB(r)| — k ;—“e—ew, r — . (1.36)
er

So we can see that the magnetic field deviates appreciably from zero only near the 23

axis in a region with characteristic length [, where

:—. 1-
== (1.37)

When the global U(1) symmetry is spontaneously broken, the mass of the gauge boson

becomes
my = ev. (1.38)

Therefore the magnetic field and hence the corresponding is confined within the flux

tube of radius r ~ % In the static case, the eqn.(1.20) provides

1d [ dp 1 2 A
- it _ - A 2 2
rdr (Tdr) [(r € ) wot 2’0

Writing p = v+mn, where 7 is a scalar field, we get the asymptotic form for the solution

p=0. (1.39)

to eqn.(1.39)

p=uv(l—e*), (1.40)
where ¢ is a new characteristic length
) (1.41)

which measures the distance required for p to attain its asymptotic value v. The
integration constant k is chosen such a way that flux ®(r) = 27rA(r) shall go to zero
for { < r < 1.

Vortex configuration of the field ¢ requires it to be single valued with respect

to spatial coordinates. Suppose the field ¢ is in a representation of group G. The
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vortex configuration of the field defines a mapping of the boundary of the vortex in
the physical space onto the group space [15,25,44]. But if a vortex configuration is
topologically equivalent to a point on a group manifold, then the configuration is not
stable. These mappings are unstable in a non-Abelian gauge theory because the first
homotopy of the group m1(G) = 0. If we take a group SU(2) whose group manifold
is a three sphere S, then first homotopy group for this case m,(S%) = 0, because
this mapping means a map S' — S® i.e. a circle winds a three-sphere, which can

be shrunk to a point. This is schematically shown in the Fig. 1.3. When a global

Figure 1.3 S! on S? can be shrunk to a point P.

symmetry corresponding to a group G symmetry is spontaneously broken down to the
to U(1) symmetry, then the vortex is topologically stable, because m(U(1)) # 0. But
for any gauge theory with unbroken SU(N) global symmetry m(SU(N)) = 0 where
N > 2. Hence unlike the Nielsen-Olesen model, there is no stable Abrikosov flux tube
in an unbroken SU(N) gauge theory. These can be formed by the Abelian projection
of a non-Abelian gauge theory where spontaneous symmetry breaking occurs [45,46].
We consider the topologically massive model which contains the Kalb-Ramond field
field. The Kalb-Ramond field plays an important role in the interstring interaction [§]

which we explain below.
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1.1 Kalb-Ramond field in interstring interaction

Abrikosov-Nielsen-Olesen (ANO) string with the quark and anti-quark at the ends
are models of mesons. The string contains chromoelectric flux. Flux tubes having
very tiny radius are string-like objects sweeping two dimensional world sheets. Such
a surface is parametrized by two parameters, say ¢ and 7. Action for a string is given
by Nambu-action [47]

s—_L dodrv/—h, (1.42)

2m

where h is the determinant of the matrix

hab = (‘%X“&,Xﬂ, a, b= O, 1. (143)

and T is a constant taken to make the action dimensionless. The determinant of the

matrix is
o ) A 2
h = eh%h = X2X'2 - (X X ) : (1.44)
where €g = —€10 = 1 and €y = €57 = 0. Here X* = 85(: and X'* = ‘(’5(—:. Hence the

Nambu-action, given in eqn.(1.42), becomes

S = /dUdT\/(X : X’>2 _ X2X". (1.45)

Now suppose we are considering a uniform motion of flux tube. Due to Lorentz

contraction, the Lagrangian density Lgucune Of @ flux tube, having very little width
and moving in the transverse direction of its length with three velocity of magnitude

vy, is

Lauxtube < / \/1—v2dodt, (1.46)

where v, = X — X/(X - X'). This is the same as obtained from the Nambu action

when the parameter 7 is taken to be t. The interaction between two open or closed
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string is mediated by Kalb-Ramond field and is given by

V]

Lig = / dodr B"™ X}, X! (1.47)

_ / dodr B o, (z), (1.48)

where 0, (z) = X X, and B" is the tensor potential constructed due to another

string at y as

B*(x) = gs/dadTU’“’(y)G ((z —y)?), (1.49)

where g5 is the coupling constant having dimension of mass and G is the Green’s
function describing time symmetric interaction. We will not consider string config-
urations any further as they are not the focus of this thesis. Now we consider the

topological model 3-+1 dimension containing the KR field.

1.2 Abelian topologically massive model in 3 + 1 di-
mension

The Abelian topologically massive model in 3+1 dimension is given by the Lagrangian

density

1 1
g = _ZFHVF,U,V + EH“VAHHV)\ + %euyp/\BuquA' (150)

Here F),, = 0,A, — 0, A, is the field strength of an Abelian gauge field A,, H,,\ =
0uByx + 0,By, + 0\B,, is the field strength for the tensor field, m is the coupling
constant of the topological term which has dimension of energy. The Lagrangian

density is invariant under the two independent gauge transformations

A, = A, +0,0, B —B (1.51)

na
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and
A# — Au, B‘LW — BW, + 8[“/\”]. (1.52)

Confinement of the quarks in hadrons can be explained by the formation of chromo-
electric flux tube between the quarks at low energy. The presence of the Kalb Ramond
field may be used to explain the dynamics of the flux tubes in QCD vacuum. The
term e""*?F,,B,s has a special characteristic. It does not depend on the topology
of the space-time. This can be seen when we write that part of the action in curved

space time:

Spr = /\/—geaﬁ“”BagFWdA‘x, (1.53)

where e#*®# is the Levi-Civita tensor in curved space-time and ¢ is the determinant

of the metric tensor g,, and it is related to e***” as

1
——eb, (1.54)

V=3

—1. Using eqn.(1.54), we can rewrite the eqn.(1.53) as

etvelB —

where 9123 =

Spr = / "M B g F,,d . (1.55)

So Sgr does not depend on the metric of the space-time. As a consequence when
we vary the whole action S = [.£\/=g d*z with respect to metric tensor g,,, the
contribution from the part Sgp is zero. Hence we can conclude from the definition of

energy momentum tensor

2 08
V=4 59#1/,

that mB A F' has no contribution in #*” i.e. the energy momentum tensor does not

or =

(1.56)

contain any mass term. That is why the massive bosons in this model are called

to be topologically massive bosons. Let us see from equations of motion of the A,
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and B, how this model provides massive A, field keeping U(1) symmetry unbroken
unlike Higgs mechanism. The equations of motion for A, and B,,, are found from the

Lagrangian density in eqn.(1.50), and they are

17 m 17 loa
o F" = e HP7 H 1por (1.57)
HM = T IE,. (1.58)
From the eqn.(1.57), we have
1 (077
— g 0aF™ = Hipo. (1.59)
Using eqn.(1.58) and eqn.(1.59), we get
1 122 (677 m YT
Eewpg@ (%F = EEPU’Y"'F . (160)
Putting F* = o A¥ — 0¥ A" in the above equation, we get
m2
VA = T P (1.61)
Hence
(O+m?) F* =0. (1.62)

It is the Klein-Gordon (KG) equation for F'*” with a mass m. Now we will see that

how the massive KG equation of the gauge field is found. We can find from eqn.(1.58)
P20, Hy = meP 9, Ay. (1.63)
Here H, is the dual field of H#¥?:

1
H. —

u —geuammﬂf (1.64)
The general solution of eqn.(1.63) is

H)\ = mA,\ + 8)\77, (165)
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where 7 is a scalar field. Using eqn.(1.64)and eqn.(1.57), we get
OA4” — 0¥ (0.A) = —m?*A” — md"n, (1.66)
which gives
(O+m?*) A" — 9" (0-A—mn) =0. (1.67)
With the gauge choice 0 - A = mn, we find
(O+4m?) A" = 0. (1.68)

It is the KG equation of a massive vector field and the coupling constant m of the
two-point coupling B A I appears as mass of the Abelian vector field. The mass is
not a gauge artifact because it appears in the KG equation of F*” without being in a
particular gauge choice. So the model contains the massive mode of one form gauge
field. We can see the coupling constant m plays the role of the mass of the gauge
bosons from the eqn.(1.57). E. Cremmer and J. Scherk in their paper [48] show how
the dual theory of the model in eqn.(1.50) is equivalent to Stuckelberg Model [49].
Dual of the field strength of Kalb-Ramond field is defined in eqn.(1.64). We can see
from the eqn.(1.64), that 9, H* = 0. This constraint can be taken into consideration
for the construction of a dual Lagrangian with the introduction of a Lagrangian
multiplier field y(z). The introduction is made such a way that the variation of dual
Lagrangian with respect to field x gives 9, H* = 0. The dual Lagrangian density with
the Lagrange multiplier x in the paper is

1 1
Lp = = F" F — SH'Hy = mA"H, + 9, H", (1.69)

where 0,xH" and A*H, are obtained after partial integration. This Lagrangian

density remains invariant under the transformation

1
A, _>Au+Eauf7 X — X +mf. (1.70)
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We can rewrite the dual Lagrangian density as

1 1 1 1 2
Sp= —=F"F,, — = | H'H,+2H,m | A* — —d"x | + m* | A* — ="
4 2 m m
2
—i—lm2 (A“ — iaux)
2 m

= rpwp, I e (e = Lo 2—i—1m2 = Lo 2(171)
N 4 ) me X 2 mo X))

The partition functional for this dual model
Z = /@X@Hu@Au exp (1%p) - (1.72)
Writing
/ 1
H*"=H"+m (A“ — —8")() , (1.73)
m

we get 7H, = ZH,,. Integrating over the field H" we get generating function for the

n-point propagator,

2
Z = /@x@AH exp (z/ (—EF‘“’FW + %mQ (A“ — i@“x) ) d4;1:> . (1.74)
m

It is a partition functional for the Abelian Stueckelberg model. So the dual theory of
the Abelian topologically massive model is equivalent to a Stueckelberg model [49].
We note that there is a topologically massive model in (2+41) dimensions with mass

m as a coupling parameter of a topologically invariant Chern-Simons term |50, 51]

1
Ly = =7 Fu P + T F Ay, (1.75)

This Lagrangian density is invariant under the gauge transformation

AP 5 AF 4 QRA, (1.76)

where A is a scalar field which vanishes at infinity. The term e**F, Ay does not

depend on the metric of the space-time, just like the B A F' term in four dimensions.
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The equation of motion of the gauge field becomes
(O+m?) F* =0. (1.77)

So we can see that the vector field gets a non-zero pole at tree level which is absent
in its energy momentum tensor. The non-Abelian generalization of the model in

eqn.(1.75) to the SU(N) gauge group is

1 v a 1 14e% a a 2 a C
ogcs = —ZFQN F,U'V + émeu (FMVAOé — gfabchuAl;Aa) 5 (178)
where FM = Ot AY — 0¥ At — g fapc A A”, g is the gauge coupling constant in the SU(N)
gauge theory and fu. is the structure constant of the SU(N) group. This model can
be considered as a toy model in understanding the dynamics of color charges in 21

dimensions. But the term F' A A shows violation of time reversal or CP-symmetry

which is not suitable for description of QCD.

1.3 Non-Abelian topologically massive model

Next we consider the non-Abelian generalization of the topologically massive Abelian

model in 3+1 dimensions [6,7]. This is given by the Lagrangian density

1 v ma 1 [TUUN TTQ m v a a
Z = SRR GO R e B (17

Here the field strengths corresponding the Yang-Mills field A# and the two-form gauge

field are respectively
FIv = OFAY — 0" A — g foca AJAY, (1.80)
and

]:‘Iaz/)\ = D[MBI%\} - gfbcaF[ZyC)c\p (181)

W
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where A B and C* are fields in the adjoint representation of the gauge group,
taken to be SU(N). Unlike the Abelian model, we have an extra field C} in this
model. It is an auxiliary field [72] which assures the invariance of the Lagrangian

density under the transformations,
At — A% Bj,— Bi,+ (Dpby)",  Ci—Ch+05, (1.82)

where 60}, is a vector field in adjoint representation of SU (N). Including the ghost
fields and Nakanishi-Lautrup fields corresponding to the A* and B*" fields, we get

the full action [7] as

§

S=5 + /d4x[h“f“ + 5h“h“ + h (f* + M)

a a aoc 1 a a —Q a —Q a
+ BYD,B* — gf® wﬁwc) + §nhﬂh“ — 0™ 4 a9 w™
+ ¢a"a” + w0, D'w"

+ wZ{gf“bcay(B,’f”wC) + 9, Dty 4 A (g f ™ FI" o)), (1.83)

where Sy is the action corresponding to the Lagrangian density in the eqn.(1.79). Here
f@=0rAL, fi = 0,B;" and h and h** are the Nakanishi-Lautrup fields corresponding
to the A and B fields, w and @ are the ghost fields of A, w* and @" are the vector ghost
fields of B*”, B and /3 are the ghost fields of the vector ghost field, o and & are the
Grassmann valued auxiliary fields, n and 6 are auxiliary fields. This model contains
massive non-Abelian gauge field and it was shown to be BRST invariant |6, 73, 74].
In [73,74], it is seen the model is also invariant under ant-BRST symmetry. CP
symmetry is not violated in this model. The parity of the Kalb- Ramond field is
found from this coupling in eqn.(1.48). Since under parity transformation X% — X°

and X* — — X' the action will be parity invariant if

BY — —BY BY — BY. (1.84)
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The massless Kalb-Ramond field has only one degree of freedom where massive Kalb-

Ramond field has three [8]. This is shown in the following section.

1.4 Degrees of freedom of massless and massive Kalb-

Ramond field

The massless two-form gauge field has one degree of freedom. It can be seen from
its vector gauge transformation and the Lorenz gauge condition in the following
way. If we consider the momentum space and the frame where the momentum

k, = (ko,0,0, ko), we can construct null plane coordinate

_k’o—k’s_o 1 kot ks
V2 ’ V2

Using the null plane coordinates , we can write the vector gauge transformation of the

=k2=0, Kk

£0. (1.85)

two form field, B;/w = B, + 0,\, — 0,A,,, in momentum space with the momentum

coordinates given in eqn.(1.85)

B, = By +kA, (1.86)
B,, = By+kiA, (1.87)
B, = B, (1.88)
B, = B, (1.89)
Ao + As

. Here

where B is the Kalb-Ramond field in momentum space and A_ = 7
A; designates A; and A;. We can observe from the above transformations that B_;
and Bjp, remain invariant under the vector gauge transformation. Now using the

coordinates in eqn.(1.85) and the four product:

kax=Fk2" —kx=Fkz" +k o, (1.90)
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where

0 3 0 _

we get from the Lorenz gauge condition 9,87° = 0 that

X

kB, = 0, (1.92)

kyB_, = 0, (1.93)

which imply that B_; = 0. Now we can see from eqn. (1.89) that B, is the gauge
invariant component which remains non-zero under the gauge transformation. There-
fore the massless B*” field has only one degree of freedom. On the other hand, massive
B" field has three degrees of freedom. This can be seen from the tensor represen-
tation of the Lorentz group ( [58], Chap. 5) in the following way. The homogeneous

Lorentz transformation of the B*" field is
B/’“’(x’) = A* pA” »B (x), (1.94)

where A* , is the Lorentz transformation matrix. For infinitesimal Lorentz transfor-

mation
A =0+ Wk, (1.95)

where w* , is an infinitesimal antisymmetric matrix. Using eqn.(1.95), we can find a

spin matrix Z corresponding to a representation from the transformation of a field

! 1 /
o2y — dl(x) = 3 (Zpo )}y @' w0, (1.96)

where ®!(z) is a [-type field. In the case of the two form field, the spin matrix becomes

@)ty = (nogls’y +n7bo%lan) . (1.97)



1.4 Degrees of freedom of massless and massive Kalb-Ramond field 24

The spin of the massive B*” field can be found from the one-to-one correspondence
between the matrix representation of spin-j angular momentum J ) in the rest frame

of the massive field, and the spin matrix 7 as

3 (o) <J(j)>2 — (1) (o), (1.98)

= oo
o

where ¢ (o) is the polarization tensor corresponding to the field B* with helicity
o. Here I’ = T, Ty and Z;, = 1,477, k = 1,2, 3. For the massive field, J¥) is matrix
representation of the generators of SO(3) group. Starting from eqn.(1.97), we can

get
(Ti)s = € (065,65 + "' 6%6%) (1.99)

and
(Ik)gin = €lmk, (Ik)%n = (Ik‘)g}n = 07 (Ik)fgn - (Epnkéqm + 6quépn) ; (1100)

where m,n,p,q = 1,2,3. As a consequence, we find

(B)or =207, ()5 = (1)¢ =0, (1.101)
(1) = (46mpOng — 20miudysp) » (1.102)

which leads us to
Z(J(J’)) OmG) = 28(g), (1.103)
Z(JU));EPQ(&) — 2(q). (1.104)

2
18 j(j+1)650 where j > 0. From the above equations,

lox

The eigenvalue of the (J G )>
we can see that 7 = 1 so that j(j + 1) = 2. Hence the no. of degrees of freedom of a

massive B, field 25 + 1 = 3 exactly like like that for a massive gauge field.
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Mass of gauge bosons also gives a possible explanation of confinement of gluons
in QCD. K. Nishijima, T. Kugo and I. Ojima gave the explanation from the Becchi-
Rouet-Strora-Tyutin (BRST) [52-54]| symmetry in a unbroken SU(N) gauge theory.

We will discuss the their argument in the next section.

1.5 Massive gauge boson and confinement

The basic argument is that gluon and quarks cannot be physical states defined via
BRST symmetry because they are not found to be isolated in the experiments. This
interpretation shows that massive gauge boson plays a key role in this interpretation
for the unbroken gauge theory. I will discuss their arguments below.

Every gauge theory remains invariant under BRST symmetry even after gauge-
fixing. For example, let us consider the Lagrangian density of pure Yang-Mills theory
in the Lorenz gauge, including the Nakanishi-Lautrup (NL) field B*(z) and ghost

fields, w?(z) and w*(x),

]' v a 5 a a —
L = — R F, + SB.B + 0,ALB + 05, (D), (1.105)

where £ is the gauge-fixing parameter. This Lagrangian density is invariant under

the transformation

SAE = (D), = ¢ (0" — gfyaAlin) (1.106)
R (1.107)
0w, = €B,, (1.108)
0B, = 0, (1.109)

where € is an infinitesimal Grassmann number and f,. is the structure constant of

SU(N) group. The Noether charge corresponding to this symmetry is @) which is
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the generator of BRST symmetry,

Qp = /d?’x [B - Oyw + gB - (Ag X w) + %g@ow (wxw)l, (1.110)
where we use the notation X¢Y% = X -Y and (X x Y)* = f®¢X,Y, for any two fields
X,Y = B, 0yw, Ag, Jpw,w. This charge is nilpotent, which means

QL) =0  V[®) eV, (1.111)

where V is the Fock space. The physical states |phy) in the whole Fock space are the

states which are annihilated by BRST charge Qg

@5 [phy) =0, (1.112)

but with the condition

Iphy) # Qg [9) , (1.113)

where |¢) is any other state in the Fock space. So physical states belong to a subspace
Vonys Of the whole Fock space. Next we consider the equation of motion of the non-

Abelian gauge field, in the form obtained by I. Ojima [55]:
0, F" = Jt. +{Qp, D"'w}, (1.114)

where the gauge indices are suppressed. Here J¢ is the Noether current corresponding
to global color symmetry. Now we will see how the eqn.(1.114) is obtained from the
Lagrangian density in eqn.(1.105). The Lagrangian density of pure Yang-Mills theory

can be written, suppressing the gauge indices as

Vo e € ;
f:—ZF“ -FW+§B.B+auA“~B+a“w-Duw. (1.115)

It can be seen that the Lagrangian density is invariant under global SU(N) transfor-

mation of the fields

00 = gf*0,d., D =A B,w,w. (1.116)
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The color current becomes
JE = g(A, x F"™) + g(A* x B) — g (@ x (D"w)) — g(0"w x w), (1.117)

where the guage index has been suppressed, and the equation of motion of the gauge

field is
D*F,, = 0,B— g(0,w X w). (1.118)
Now from the BRST transformation of the ghost fields, we can write
{@p,D,w}=0,B—g(Dywxw)—g(A,xB). (1.119)
Substituting 0, B in eqn.(1.119) from eqn.(1.118) , we get
{Qp,D,w} = D"F,, + g(0,0 X w) — g (Dyw x @) — g (A, x B). (1.120)

Using the explicit form of J§ as given in the eqn.(1.117), we have from the above

equation
O F" = Jt+{Qp,D"w}, (1.121)

which is the eqn.(1.114), as we set out to derive. The global Noether charge in a
model will not be broken spontaneously when the Noether current J* corresponding

to the charge does not contain any massless pole [56|
(0[.#¢) =0, (1.122)

where [¢)) is a state of massless particle. In this situation, the vacuum is annihilated

by the global color charge. Let us take the matrix element for both side of eqn.(1.114)

(010, F*[¢) = (0 (J& + {@p, D"@}) [¢) (1.123)
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Since the global charge Q¢ is unbroken in QCD, we have (0|J2|¢)) = 0. Hence we
have from the above equation

(018, F"™ — {Qp, D'@}) = 0. (1.124)

So either each individual matrix element is zero or the contribution of massless pole
from one is cancelled by the other. If we consider the first case where the individual

matrix elements are zero, then we have
(0|0, F*|y) = (0] (A — 0,0" A" — 0, (gA" x A”) |}) = 0. (1.125)

If the gluon state |g) is a massless state, then (0|0, F*|g) # 0, it provides a massless
pole. As a consequence (0|J¢[iY) becomes non-zero, which implies that the color
symmetry is broken spontaneously which is not our requirement. Hence we can say if
color symmetry is to be an unbroken symmetry, (0|0, F*[1) = 0. So we can conclude

that |g) should be massive. Now we consider the next matrix-element
(0{@p, D"w}y) = 0. (1.126)
Kugo-Ojima showed that [57] the left hand side of the above equation satisfies
(O@B, (D"@)"}¢, ) = =(0¢ + u¢)0" Dz — ), (1.127)

where |1, ¢) is massless particle state with the gauge index ¢ and u? is a dynamical
parameter defined as the residue of the pole of g (A, x @) at p> = 0 and D, (x — y)
is the correlation function of the massless asymptotic fields of anti-ghost and ghost

fields:

(017 (z)7°(y)|0) = —i0™ D (x — ). (1.128)

where v* and 4% are defined as the free-field limits of w® and w® respectively

z%gr; w'(z) = y4(z)+... (1.129)
lim @%(z) = F%x)+... (1.130)

20400



1.5 Massive gauge boson and confinement 29

So the matrix-element (0[{Q%, (D*@)*},c) = 0, if u = —d§¢. Hence the global
charge ()¢ remains unbroken according to our requirement only if uf = —d7. Now we
consider the second case where massless poles from the matrix elements (09, F"|1))
and (0|{@p, D"w}|v) = 0 cancel each other so that (0|J”|¢) = 0. In this situation the
gluons are massless. But the massless gauge field is not compatible with the cluster

decomposition principle that I will explain below.

1.5.1 Mass gap and cluster decomposition property in gauge

theory

The mass of the gauge boson plays a very important role in the analysis of scattering
phenomena among gauge bosons. The inner-product of the polarization vectors of a

one-form gauge field is given by
€€y = —MNrs, r,s=0,1,2,3. (1.131)

It is not positive definite. For the case of a vector space with positive indefinite
metric, mass gap |78 plays a role in the cluster decomposition property [58-60,75] in
the theory. Cluster decomposition principle says that two events separated by very
large space-like distance are uncorrelated, i.e. one events cannot affect the other. H.
Araki, K. Hepp and D. Ruelle [59, 76] established cluster decomposition property in
scattering theory considering the axioms :

(i) translational invariance : this implies the existence of conservation of energy
and momentum in a physical process. This implies the S-matrix operator commutes

with four momentum P* operator in inhomogeneous Lorentz group
[S,P*] =0. (1.132)

(b)local commutativity: this means if O;(x) and Os(y) are two observables

measured at the space-time point x and y, then they commute with each other at



1.5 Massive gauge boson and confinement 30

spatial infinity:

lim [0;(z), 0 (y)] = 0. (1.133)

[x—y| o0

This implies that the measurement of one observable is unrelated with the measure-
ment of the other observable when the measurements are made at spacelike separated

points.

(c) uniqueness of vacuum: this means the ground state of the system does not
have degenerate eigenvalues of Hamiltonian.

(d) spectrum condition: this means the energy spectrum of the system is
bounded from the below.

Using these properties they have shown that

.

(a) With a mass gap
or

(b) without a mass gap

\

The function hj5(§) defined as

hiz = [ (0] By(21) Bz (22)|0) — (0[B1(21)[0) (0] B1(22)[0) |, (1.134)
(1.135)

where
Bi(z;) = /f,(x’l, Th, ..., ) H d*z! ®(z; + ), (1.136)

where f; is a rapidly decreasing C'™ test function with compact support and @ is a

generic designation of field operator or product of field operators. From the properties
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mentioned in (a)-(d), they showed that hj, satisfies the inequality:

i) expl-mighe (1+2)

his < < or (1.137)

a1 (1+ ).

where £ = |x; — x2| and [¢] is the shortest space-like distance between £ and a certain
compact set which depends on the compact supports and £° is the time component
of £&. N is a certain non negative integer , which is non-zero and non-negative for
positive indefinite metric and N = 0 for positive definite metric, C' and C” are the
constants which do not depend on . We can see from the eqn.(1.137), that only for
the case of mass gap, hijs — 0 if £ — oo, where £ = |x; — X3|. Now we will see how it

affects S-matrix. Perturbative analysis of the scattering phenomena depends on the

definition of the S-matrix.

S=1lmT {exp (/m dtHE(t))] | (1.138)

where the 7T signifies the time-ordered product of the operators and Hj(t) is the

interaction Hamiltonian in the interaction picture, with an adiabatic switching factor

efeltl

HE(t) = el / BrH;(z), (1.139)

where H is the interaction Hamiltonian density. Due to presence of a mass gap in the
gauge theory the correlation between two interactions placed at a infinitely spacelike

distance becomes

lim (TH (x)Hi(y)) = (Hi(x)) (Hi(y)) (1.140)

[x—y|—o0
hence they are uncorrelated. Thus the S matrix of a process at a point x cannot be

related to the S matrix of a process at another y when the spatial separation of z and
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y becomes infinite. This is the requirement in a causal theory. Hence the causality
required by the Lorentz invariance of the S-matrix is maintained in a gauge theory
with a mass gap.

In summary, we see that massiveness of gauge field plays an important role in the
analysis of confinement as well as in the scattering phenomena of gluons. Hence we
do not consider the case where massless Yang-Mills gauge bosons are present with
unbroken color charge Qc = [ J2d*z i.e. the case where massless poles from the
matrix element (0|0, F*"|¢) are cancelled by massless poles in (0[{Qp, D"w}|v).

There are other possibilities of having massive Yang-Mills gauge bosons in 3+1

dimension which we will discuss now.

1.6 Some other models for massive gauge bosons in
3+1 dimension

The non-Abelian Stuckelberg model in 3-+1 dimension, given by the Lagrangian den-

sity
1 1 1 2
L =——FMF" + —m? | A — —p~ 1.141
LR CEETICIR (1.141)
contains a massive A* field, where
Ve = Eu0,0°, (1.142)
[eS) . A\ n-qab
1 190
E®9) = : 1.14
0 = X (7) ] )

where ©%(z) is a scalar field. Here ©% = if®¢©¢. This model is invariant under the

gauge transformations:

a a ab be c a a a
A% A% 4 DPEM(@)56°, O — 6% + mdb”, (1.144)



1.6 Some other models for massive gauge bosons in 3+1 dimension 33

where Dzb =09, — g be“A; and 060° is infinitesimal transformation parameter. But
this model is not renormalizable in 3+1 dimension [64-67], whereas the topologically
massive model in 341 dimension is renormalizable |7].

One of the possibilities is that the mass of the gauge boson has purely chro-
modynamic origin i.e. the mass is generated due to non-linear interactions among
gauge bosons and among gauge bosons and ghosts. This mass is known as dynami-
cally generated mass. This is found by truncating the Schwinger-Dyson equation for
the propagator of the gluon field at low energy i.e. in the non-perturbative regime.
The propagator of non-Abelian gauge field can be written from truncation of the
Schwinger- Dyson equation [68,69]

1 ke
w0 00O my _
A e ¢ U9

(1.145)

The pole of scalar part of the propagator should depend on the momentum scale
m(k?). But we know that at higher energy scale , the propagator must behave like
a propagator of massless particle , so that the theory can describe renormalizablility.
Hence the dynamical mass m(k*) — 0 with the increase of momentum scale. But
the topologically massive model in 3+1 dimension is renormalizable [7| with a mass
which does not vanish in the limit £ — oo.

There is another model where mass m — 0 in the limit k> — 0. The model was
developed by Curci and Ferrari [70], and it contains a Proca-massive gauge boson

and is given by the Lagrangian

1 v a 1 a —a, .a 1—a a
Lop = _ZFéL Fe, — 5 [(A%)? + 260w + 3@ (0"D, + D"0,) w
1 1
_ w2 L2 2
2O + 5@ x W (1.140)

This model is invariant under the global transformations

1 1
S = (D)o, 0 = i x )", 06 = — 0" AT S@xw). (1147)
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Here b and ¢ are ghost fields. But these transformations are not BRST transforma-
tions. I. Ojima showed that [71| the Noether charge corresponding to the global
transformations in eqn.(1.147) is not nilpotent. But the four dimensional topologi-
cally massive model is BRST invariant [6].

We will consider 2 — 2 elastic scatterings among topologically massive gauge
bosons in the next chapter. This analysis needs the complete propagators of A and

B fields which we are going to derive below.

1.7 Complete propagators of A and B fields

We will consider the elastic scatterings among topologically massive bosons in this
thesis. This analysis requires the propagators of A and B fields. We get the propaga-
tors of the A and B fields when we introduce the gauge fixing terms in the Lagrangian

density for Abelian fields in eqn.(1.50). Then we have
1
28

where ¢ and 7 are the gauge fixing parameters. The topological term is also a

1

1 1
"%f —F 1224 A HUA 2
n

n\2
1 15 (0, A")” +

(0,B")2. (1.148)

quadratic term containing both the A and B fields. If we want to calculate the prop-
agator of the fields we should take all the quadratic terms in the Lagrangian density.
First we exclude B A F' coupling from our consideration and get the propagators of

AZ and Bg)‘ fields :

. i (. otk

B =~ (- a-085), (1.149)
. i kukingon — kukpg
Dy oy = ﬁ(gmpgm—(l—n) #2 Il . LT (1.150)

Then we consider the quadratic derivative coupling term in the B A F' term as an

interaction

‘CQuad = %EMV'DABMVaPAM (1151)
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and obtain the vertex rule for the B — A coupling, for the vertex, shown in the

P TOOEE00ET0" A4

Figure 1.4 B — A vertex from the B A F' term

Fig. 1.4
Z.VMVQ\ = —meWApk’p. (1152)

Hence we get the complete propagator of the A field by taking an infinite number
o000 + O000N--»--0000> + VOGO --»-- 0000 --»--TO00>  + -

Figure 1.5 Massive A propagator by summing over B insertions

of insertions of the B — A vertex and the B propagator, given in eqn.(1.150). This
process is shown in the Fig. 1.5 and the sum of diagrams can be written as the infinite

sum

1 1
Z'D'u,, = ’L'A/W + Z'AML/ EiV0P7M/iA0P7U/P’ §iVJ/p/,,,/z'Al,/,, + -

- G — (1 = €>k§;'§” —em? kuky
(k2 — m?) k4 (k% — m?)

, (1.153)

which is the propagator of a massive vector boson of mass m. The factors of % com-
pensate for double-counting due to the anti-symmetrization of the indices. Similarly

for the tensor field we have

Kk 9ol

, | Gulp9Nw t (1 —n)—52 o Kk
1Dpwpx = [ k2 — m2 —nm k(K2 —m?) |

(1.154)

The propagators of A and B fields show power counting renormalizablity in the non-

Abelian topologically massive model. The reason is the following. The superficial
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degree of divergence d for a loop diagram is given by
d=4-mE - 4. (1.155)

Here n; is the mass dimension corresponding to the [ type fields and Ej is the number
of their external lines. 9; is the mass dimension of the coupling constant present at
i-th vertex. In Yang-Mills theory, the mass dimension of the gauge coupling constant
[g]=0 in 3+1 dimension. So if we include more loops in a loop diagram keeping
number of the external lines fixed, then we should have the same d. We can rewrite

the propagator of B, field as

klukr 9ol

. _ | Guegne + T KRG
1Dy pn =1 g — 1

(1.156)

We can see from the eqn.(1.153) and eqn.(1.156) that the propagators of A and B
fields behave as k=2 in the limit & — oco. So for example in the diagram shown in

Fig. 1.6, we get the same d with the increase of loops. So the model becomes power

Figure 1.6 Many loop correction of quartic coupling AAAA.

counting renormalizable for d < 0.

Quantum corrections are generally infinite in quantum field theory. So we re-
quire counterterms for removing those infinities. If the cancellations of infinities are
obtained from an infinite number of counter-terms, then the theory is not renormaliz-

able. But the theory becomes renormalizable if the counterterms are finite in number.



1.7 Complete propagators of A and B fields 37

The classical Lagrangian density of Yang-Mills gauge theory obey BRST symmetry.
J. Zinn-Justin found that if the quantum effective action I' of a model is to remain

invariant under global symmetry, then the condition

/ d'z (A'(x)), 5L51;[f<] =0 (1.157)

must be obeyed. Here y!(x) is any field present in the Lagrangian density and the

Al(z) is the change of the field under BRST transformation
5x'(z) = 0A! (). (1.158)

Here ¢ is the anticommutating parameter for the BRST transformation. (...); de-
notes a vacuum expectation value taken in the presence of the current J,. The current

is defined as

5T

= —. 1.1
i (1.159)

Jx

% is the functional derivative acting from the left on the I'. The eqn.(1.157) is
known as Zinn-Justin equation. It is used to analyse the renormalization of a gauge
theory. It can be shown in a renormalizable non-Abelian gauge theory that at every
order the quantum effective action obeying the eqn.(1.157) contains the terms which
are proportional to the term present in the classical Lagrangian density [25,81-83].
So the counterterms needed are finite in number. As a consequence, the couplings
among fields in the classical Lagrangian density are ‘rescaled’. The renormalization of
the massless Yang-Mills theory is shown algebraically in [25,83,84|. The non-Abelian
topologically massive model in eqn.(1.83) is shown to be renormalizable algebraically
in [7] with the BRST invariance |[6].

In the next chapter, we have considered unitarity of S-matrix in 2 — 2 elastic

scattering process among massive gluons at tree level. We have considered SU(2)
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gauge theory to see the unitarity in the 2 — 2 elastic scattering processes of longitu-
dinally polarized massive gauge bosons. We consider two different cases. The mass of
the gauge boson can be generated by Higgs mechanism or they are topologically mas-
sive. The 2 — 2 elastic scattering process involving longitudinally polarized bosons at
tree-level is not unitary if we consider only the tri-linear and quartic interactions con-
sidered from the pure Yang-Mills Lagrangian density, which we will see in the chapter
2. We will see how the interaction among Higgs field and gauge bosons assure the
unitarity of S-matrix in SU(2) gauge theory. Next we will consider the action, given
in the eqn.(1.83) to check the unitarity for topologically massive bosons. We have cal-
culated the Feynman amplitudes of 2 — 2 scattering using various couplings among
B and Al and see if unitarity at tree-level survives.

In chapter 3, we consider the behaviour of the gauge coupling constant g by varying
the energy scale. The two-form field has one degree of freedom like a scalar field has.
We have seen from the eqn.(1.2) and eqn.(1.3) that the contribution of scalar field is
positive. So we would like to see if the contribution from the two form field is the
same as the scalar field provides in the [ function. This leads us to work out one

loop B function. We will discuss the result there.



Chapter 2

Unitarity of A; A; — A; A; scattering

at tree level.

2.1 Tree level calculation

In this chapter we will see the unitarity in the 2 — 2 scattering process between two
longitudinally polarized massive gauge bosons i.e. A Ay — Ap Ay at tree level. In the
electroweak sector of the standard model, Higgs mechanism plays an important role in
providing unitarity of S-matrix of various tree level processes involving longitudinally
polarized W and Z bosons and fermions, for example ete™ — WTW~, WTW~ —
WHW~ etc. which are shown explicitly in [87-89]. But among these scattering
processes, we see unitarity is maximally violated in the 2 — 2 processes involving only
longitudinally polarized vector bosons because without the Higgs mediated channels,
their scattering amplitudes grow with square of energy of the centre of momentum
frame i.e. M ~ E? which we will see in this chapter. On the scattering process
involving fermions with same helicity, it was found that the amplitude grows as M ~
E [87-89].
39
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We have mentioned in the previous chapter that we consider a non-Abelian topo-
logically massive model in 3+1 dimensions where Yang-Mills gauge bosons are massive
with unbroken SU(N) global symmetry. We will see in this chapter whether unitar-
ity of 2 — 2 elastic scattering process among topologically massive Yang-Mills gauge
bosons is violated. We will take the gauge group to be SU(2) group for simplicity and
first show how unitarity of the elastic scattering process A A;, — Ap A is assured
when the mass of A is generated by Higgs mechanism. Next we will consider the
scattering process in the non-Abelian topologically massive model in 341 dimension
based on the work in [90].

The polarization vector of the longitudinal mode of a massive gauge boson is given

by

1
¢y = —(P,En 2.1
L m( ) )7 ( )
where P is the magnitude of the three-momentum vector, E is the energy and n is
the direction of the propagation of the mode. In the high energy limit £ > m, we

can expand €, in inverse powers of energy as

B P w
~— + 2.2
EL m v, ( )

where p* = (E, Pn) is the four-momentum vector and v* = (—%, %ﬁ) We know
that the F}"F{, term in the non-Abelian Lagrangian density contains the couplings
AAA and AAAA. Using them, we get the Feynman diagrams for the 2 — 2 tree level

scattering, shown in Fig. 2.1. The Yang-Mills Lagrangian density is

Lym = — S {(0"AL = 0"ADOLAL + g foeca Ay AL(O AL — 07 AL) }

N

- ZQbecafb/c’aAgAZAgA,cjl- (23)

The AAA coupling contains the derivative of gauge fields, so the corresponding vertex

rule contains momenta of the gauge fields. Using eqn.(2.1), we get the total power of
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2

(@ (b) (c) (d)

Figure 2.1 (a) t-channel, (b) u-channel, (c¢) s -channel and (d)quartic inter-

action.

the momentum of the external legs of Feynman diagrams, shown in Fig. 2.1a—2.1d.
Each gauge boson in the legs of Feynman diagrams has the longitudinal polarization,
given in eqn.(2.2). So multiplication of the four polarization vectors ereper ey, provides
the term: pppp, pppv, ppvv, pvvv, vvvv. Now we consider ¢, © and s channels where
the contributions from two AAA vertices are present. The vertex rules for the AAA

coupling, shown in Fig. 2.2a, is

(a) (b)

Figure 2.2 (a)AAA vertex; (b)AAAA vertex.

V;:i = _gfabc [(p - Q>>\g,uu + (q - T)ugzx)\ + (T - p)ugku] ) (24>

which contains the incoming four momentum assigned to external boson legs. So the

two AAA vertices in the ¢, u and s channels in Fig. 2.1 contribute €'(p?) at large
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p. But due to the presence of the propagator of gauge field behaving as &'(p~?), the
resultant contribution from the vertices and the propagator is &(p°). The vertex rule

for the quartic coupling AAAA, shown in Fig.2.2b, is

V;fybf\l;i) = - igz [fabefcde (gu/\gup - gupguA) - facefbde (gﬂﬂgAV - g;wg/\p)
+ fadefbce (g/ﬂ/gpA - gukgpy)]y (25)

which does not contain any momentum of the external legs. Thus for all diagrams
in Fig. 2.1 the vertices do not contribute any power of momentum. Consequently
it becomes sufficient to consider the contributions from the polarization vectors at
external legs of the diagrams in Fig. 2.1 in counting the power of energy. Since each
leg goes as p, we can generally say that the amplitude M of each channel of the

scattering process has the dependence on the energy as [87-89,92]
M=aE* +bE* +C+ O(E™), n=24,... (2.6)

where a, b and C' are functions of the scattering angle. We need to check if the
total amplitude of this form violates unitarity of the S-matrix. This is based on the
following argument.

Unitarity of the S-matrix in a tree level scattering involving a total of n particles
requires the corresponding amplitude to vary with the energy of the process in the

centre of momentum frame as [94,95]
M ~ B+ (2.7)

where M is the amplitude of the scattering process. In the 2 — 2 scattering process,

the total number of particles involved is n = (2+2) = 4. Hence according to eqn.(2.7),
M ~ E°. (2.8)

But we can now see from eqn.(2.6) that the amplitude of each channel M violates

the condition in eqn.(2.8). Now we are going to see explicitly if their sum violates
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unitarity. We will consider the scattering A*A® — A°A¢ in SU(N) gauge theory. The

amplitudes of the ¢, u and s channels are?,

P4 2
My = ¢ face fode [—4(3 +o)(1—c)+ w(9 +7c— 48)} : (2.9)
4 P2 9
My = ¢ fadefoce {%( —c)(14¢)+ ﬁ(9 — Tc—4c )} , (2.10)
4P* 9p?
Ms ~ —-9g fabefcde |:_+W+9:| c, (211>

where ¢ = cosf, 6 is the scattering angle in the centre of momentum frame. The

amplitude of the quartic diagram, shown in Fig. 2.1d, is

m2

Mgy~ —[ ngacefbde{2—2(3+c)(1—c)+(1—c)(1+c)} (EJrl)

2

+ 9” fadefoce {%(3 —o)(I+e)+(1+c)(1— c)} (% 4 1)

4P% [ P?
-9 fabefcde <m2 + 1) ] (2.12)
Thus the sum of the scattering amplitudes of ¢, u and s-channels and quartic inter-
action is
p? p? 5P?
Made [g facefbde (1 + 116) + g fadefbce (1 - 116) —9g fabefcde - 5 ] .

(2.13)

We will use M%< to find scattering amplitudes of various 2 — 2 scattering processes
among gauge bosons in SU(2) gauge theory.

Instead of taking SU(N), we consider SU(2) gauge theory for simplicity. The
structure constants for the SU(2) group are fup. = €. Taking the contraction rule

of the structure constants for €,

€abe€ede = <6ac(5bd - (Sadébc); (214>

1See appendix A for the derivation of the amplitudes
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we get the total amplitude at the leading order of energy in the form

2
Made = ﬁ (S 5ab5,3d +u 5ac(5bd +t 5ad($bc) s (215)

where
s =4F?% t=—2P*(1—c), u=—2P*1 +¢), (2.16)

for this elastic scattering at high energy. This amplitude is same as that of the pion-
pion scattering 7%7® — 7°r?, which is expressed by a single function of Mandelstam

variables M(s,t,u) at low energy [91-93| as

cd

M%%rb_)ﬂ T = (M(57 t, U) 5ab6¢:d + M(U, t? S)dacdbd + M(t, S, U) 5ad5bc) )

(2.17)

where,

9*s g*u gt

M(s, t,u) = —, M(u,t,s)=—, M(tsu)= it (2.18)

The function M(s,t,u), M(u,t,s) and M(t,s,u) are symmetric under the exchange

of last two arguments given in the parenthesis. For example
M(s,t,u) = M(s,u,t). (2.19)

The total amplitude in eqn.(2.15) is clearly increasing with the square of energy, E?
at high energy [87-89,92|. Hence it violates unitarity according to the condition given
in eqn.(2.8).

Before we discuss the solution of this problem of unitarity, let us first see how the
amplitudes of different elastic scattering processes are connected with each other. For

this purpose, we consider a conventional representation of gauge fields:

Al FiA? 0L Fid2) Al
ax = W FA, (T i) L= gAY (2.20)
g V2 V2
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where we have written

= Oa ¥ %)
a \/5 .

The three massive gauge bosons AT and A% may be treated as an exact triplet under

(2.21)

the unbroken global SU(2) symmetry, so that all elastic 2 — 2 scattering processes
which are possible among these triplet states conserve the associated isospin quantum
number . We will remove the subscript L. The scattering amplitudes of all 2 — 2
scattering processes among the triplet states, |A*) and |A3%), can now be related to
each other because of the conservation of SU(2) isospin I. The conservation of isospin

I implies that the scattering matrix S must commute with the isospin operator:

=

S, 11 =0=[S,I.] =0, [S,I]=0, (2.22)

with the ladder operator I built up from the first two components of I as usual

I £l
ol

The two-particle state is designated as |I1, Io; M1 Ms), where I; and I5 are the isospins

I = (2.23)

of the particles and M; and M, are their components along I3 axis in the isospin space.

For example,
|ATAL) = |1,1; 41, £1), |[A3A%) =1,1;0,0), |AE, A3) = |1,1;41,0), etc. (2.24)
Generally the S matrix element can be written as
Spi =05 + T} (2.25)

But we will drop the first term d0¢; which signifies no scattering. It is irrelevant to our

discussion given below. Thus for our purpose

Spi =Ty (2.26)
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The amplitude of the process A~A~ — A~ A~ is obtained from eqn.(2.13) using

lowering operator and the commutation relation in eqn.(2.22)
MA A" 5 A7A7) = (AA|S|A A7)
- % (AA| SI™ | A~ A%
= % (A=A™|IS|A™A3)
= (A A3S|A”A®) + (APA7|S|A” A%, (2.27)

Here we have used that
IT|A=A%Y = V2[A"A7), (AAT|I7 =V2((A" A} +(A%A7]).  (2.28)
The amplitude 1M (A3A3 — A3A3) is derived using the action of the weak isospin
operator I on the state |[A~A?)
ITA7A%) = V2 (JA3A®) + A7 A%), (2.29)

in the matrix element (A3A3|S|A3A43) :

(APA%|S|ABA3) = % (APA3|STT|A™A%) — (APA%|S|A-AT)
— (A A%|S|AA%) + (APA|S|A™AB) — (A" AT|S|ABAP) .

(2.30)

Left hand side of the eqn.(2.30) is zero at tree level. Using eqn.(2.27), we find from

eqn.(2.30) that
(APAP|S|APA%) = (A"A | S| A A7) — (A" AT|9|4%4%). (2.31)

Here we have used the time reversal or CP symmetry so that (A3A3|S|A-AT) =
(A= AT|S|A3A3) since under the time reversal symmetry of a scattering process, the

role of the initial and final states are interchanged.
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So we have seen from the relation in eqn.(2.30), that the amplitudes of various
scattering are related to each other. This relation holds at every order of quantum
correction in a renormalizable gauge theory. At tree level (A3A3|S|A3A3) = 0. So we

can write from eqn.(2.31) that at tree level
(A"A7|S|AA7) = (A" AT|9|A%A%) . (2.32)
We can find the amplitude of A“A~ — A~ A~ at tree level from eqn.(2.13) using
eqn.(2.27) and eqn.(2.21) as
MA A~ - A A7) = M(A A = A A) + M(APA™ — A A%)

= (6y Opsl 05 + 63, s oM. (2.33)

Here M2 is given in eqn.(2.13) and we use ¢’s and ¢’s in the above equation taking
all the momenta at the two vertices to be incoming. Using eqn.(2.21) and eqn.(2.18),

we get from the above equation
M(ATA™ — A7A7) = (M(t,s,u) + M(u, s,t)). (2.34)

In a similar way, we can find the amplitude of the scattering process AT A~ — A3A3

as
M(ATA™ — A3A%) = P, 0305 M = M(s,t,u). (2.35)

We also calculate
M(ATAT = A3A%) = ¢ gFadsimabe (2.36)
= —M(u,s,t). (2.37)

Since in the high energy limit (s > 4m?) s +t ~ —u, we can write amplitude in

eqn.(2.37) using eqn.(2.18)

M(A™AT — APA3) = M(s,t,u) + M(L, s,u). (2.38)



2.1 Tree level calculation 48

Hence we can rewrite the eqn.(2.30) using eqn.(2.34) and eqn.(2.37)
M(A3A; — A3A3) = M(s,t,u) + M(t,s,u) + M(u,s,t). (2.39)
We can also find at tree level
M(ATA™ = ATAT) = ¢ oF oy M§ = — M(u, 5, 1), (2.40)
which can be written as a sum of two amplitudes at high energy as
—M(u,t,s) = M(s,t,u) + M(t, s, u), (2.41)

according to the eqn.(2.18), because in the high energy limit we have —u ~ s+t. We

can also get the amplitude of the scattering process A~A3 — A~ A3

M(A™A® 5 A7 A% = ¢ 636 05 MBt = M(t, s, u). (2.42)

So we have
M(ATA™ = AgAs) = M(s,t,u), (2.43)
M(ATA™ - ATAT) = M(s,t,u) + M(t, s,u), (2.44)

M(A3A3 — A3A3) = M(s, t,u) + M(t, s,u) + M(u, s, t). (2.45)

It is now straightforward to rewrite these results for the isospin product states in the
basis of irreducible states of total isospin. We use the Clebsch-Gordan coefficients
for decomposition 3 ® 3 = 5@ 3 & 1 [100] to get the reduced amplitudes Mg 12
corresponding to the different isospin channels? in SU(2) gauge theory which are

possible in principle. They are at leading order in the high energy limit

My = 3M(s,t,u) + M(t,s,u) + M(u, s,t), (2.46)
My = M(t,s,u) — M(u,s,t), (2.47)
My = M(t,s,u) + M(u, s,t). (2.48)

2See Appendix A for the calculations.
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Using the expression of M(s,t,u) we then have in the high energy limit

2
S
M, = %, (2.49)
2(t—u
M, = %, (2.50)
2
S
M, = —b. (2.51)

Expanding M in partial waves we can write

M| = 32%/2(2] + 1Daj(s)Pj(cosh), (2.52)

where P,(x) is Legendre polynomial of first kind. Using the orthonormality condition

of the Legendre polynomial we have

1

1
aj = SRE /1d(cos 0)P;(cos§)M;. (2.53)

The partial wave amplitude for I =0, J = 0 mode is

1 1
0 _
U = 535 /_1 d(cos ) Py(cos 8) M. (2.54)

The condition for unitarity is Re|a)| < % Hence we find the maximum limit of

energy scale up to which unitarity is valid in the I = 0, J = 0 channel

32rm?  4V2m

7 em (2.55)

S =

where G is Fermi coupling constant in the electroweak sector. Here we have used

the relation

Cr_ 9 (2.56)

V2 8m?2
If we take Gp ~ 1.66 x 107> GeV 2 and the mass of the gauge boson m ~ 80 GeV,

as for weak interactions, then we have from eqn.(2.55) that

s < 1.071TeV. (2.57)
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This means that the energy for the scattering process must not exceed the above
limit, but the total amplitude grows with E2. For weak interactions this growth of
the amplitude has to be removed before the TeV scale. This bad behaviour of the
scattering amplitude was studied by the J. S. Bell [96] and C. H. Llewellyn Smith [97].
They showed how this behaviour can be removed if spontaneous breaking of global
symmetry is included or new interactions with scalar fields are considered. We know
that spontaneous breaking of symmetry is required for the Higgs mechanism [102,103]
in electroweak theory. Now we see how the interaction with the Higgs particle saves
the unitarity of A%A® — A°A? process. If we consider the Higgs mechanism, then we

need to include the trilinear coupling among Higgs and massive gauge fields:
g a
Lt = 5 mhAL A7, (2.58)

where m is the mass of the gauge boson and A is the Higgs particle. There is also
a quartic coupling hhAA but this does not take part in the A%A® — A°A? elastic
scattering at tree level. The tree level diagrams for the process A?A® — A°A? due
to the interaction among Higgs and gauge bosons are shown in Fig. 2.3. So if we
calculate the amplitude of the Higgs-mediated channels and add them up, we find the
total amplitude in leading order?
e

My, = s (S Sapded + t OacOba + U Saalpe) - (2.59)
In order to get the total amplitude of the tree level scattering process at leading
order of energy, we have to add eqn.(2.15) and eqn.(2.59), which yields

2

Mo+ My = =L (5 Supbea + t SacBpa + U Saabie)
4m
2

(5 GuyBet -t BaeOpd + U Saae) = O (2.60)

4m?

3See the details of the calculation in appendix A.
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A N
AP Ad

(a) (b) (c)

Figure 2.3 Higgs mediated (a) s-channel, (b) t-channel, (c)u-channel of
A®Ab — A¢A? scattering ; dotted line represents the propagator of Higgs

particle

The next to leading order term, which survives, does not depend on energy, being
O(E"). Thus the unitarity of the S-matrix is assured.

Now we consider the non-Abelian topologically massive model, given in eqn.(1.83).
The model is taken in the place of Higgs mechanism. Construction of the tree dia-
grams require two-point coupling AB, various trilinear couplings: AAA, AAB, ABB
and quartic couplings: AAAA and AABB. Since the auxiliary fields: C*, 6 and n
do not enter in any tree level diagrams of A%A? — A°A“ scattering process, we do
not consider them. The couplings wwA, w,0, B"w are also irrelevant to our analysis
because we consider only tree level process. We consider only the part of the full
Lagrangian density which is relevant in the computation of Feynman amplitude of

the tree level scattering process. So we only consider

1 v a 1 VA 170 M wpX pa a
g: — ZFGILL FMV—FEHZ; HNV/\+Z€M P B,UV oA
1 1 )
— i(aHAg)Q + %(@Bg‘ )% (2.61)
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Here Hj, \ = (D[MBVM)G, where D* is the gauge covariant derivative. The first term
FI"F;, in the Lagrangian density in eqn.(2.61) provides the 3-point and quartic
couplings between the gauge fields. The second term leads to ABB and AABB
couplings, whereas the B A F' term provides a two point derivative coupling between

B and A and a three-point coupling, AAB. The vertex rules for AB and AAB

couplings are

Z.V,szi)\ - _meul/)\pkp(;aba (262)
iv;ﬁ?j)\p = _igmfbca‘f;w)\p; (263)

for the two point AB vertex and the three-point AAB vertex, respectively. The cor-

A

Figure 2.4 Vertices from the B A F' term

responding vertices are shown in Fig. 2.4 where the momenta are all directed towards
the vertex. In order to use these vertices in a diagram, we need propagators of the
fields, which come from kinetic terms, — Fi%, F** for the A bosons, and 35 H,, H**
for the B field. We have already found the complete propagator of the vector field(

at the tree level) in the previous chapter, which is

kuk
. NG — (1 - 6) Zzy 2 k ku
iD= —1 (72 —m?) —&m —k4(k2u— )

5. (2.64)
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Similarly for the tensor field we have

N
ab ulpgrw + (1 — )= l[cég = m? Kk rGop)
LU, pA k2 — m?2 k4(k2 _ m2>

iD 57, (2.65)

These are shown diagrammatically in Fig. 2.5. These propagators show a good high

energy behaviour, varying as ~ k=2 as k — oo which shows the power-counting
kuk, Kukpgoy
k4 (k%2 — m?) k4 (k%2 — m?)

the propagators in eqn.(2.64) and eqn.(2.65) behave as ~ k=% at high energy. So they

renormalizability of the model. The terms &m? and nm?

do not contribute in the divergent part of the tree-level amplitude and we can safely

ignore them. The particle interpretation of quantum fields comes from the quadratic

Ay TOD000000000000000AY By woeseermmermaeemaereccaeceaceee PA

(a) (b)

Figure 2.5 (a) Propagator of gluon field; (b) propagator of B field.

part of the Lagrangian. However, the kinetic term for the B field contains non-linear

a2 &

Bﬁpb Au . B"p
a2 p_.' .‘_ ’

Au Lo
000000 .

. .,

q . b d

B C AU BOT

ar

Figure 2.6 Vertices from the H,, H FA term

interactions among the B and the A fields. From HZMH[;’”\ ~ D#BV,\D[“BZ{’\], we get

the couplings ABB and ABBB. The ABB coupling contains derivatives of B fields

but AABB does not have them. So the vertex rule of ABB contains the momentum
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of B field. The diagrams corresponding to the vertex rules for those couplings are

shown in Fig. 2.6. The vertex rules are respectively

Z-V;Zl;\cppﬂ' = gfabc [(p - Q)Mg/\[O'gT]p + Plo9r29ple — 917Gy [ogr]u] ) (266>
Ve = 9" S (GuwneIrio + Guioringaw) + O L (9uwIr09rp + Guirdpliogeiv)]

(2.67)

Considering the linear and non-linear interactions among A and B fields, we find
several new diagrams corresponding to ATA~ — AT A~ scattering at the tree level
in SU(2) gauge theory. We have grouped the diagrams into Fig. 2.7, Fig. 2.8 and
Fig. 2.10, according to the number of internal B propagators. The amplitudes for all
of these diagrams go as O(P?).

In Fig. 2.7, diagrams (a) and (b) appear only once, but diagrams (c) and (d) have
twins, obtained by exchanging the internal B and A lines. Similarly, the B line can
be on any of the external legs in each of diagrams (e) and (f), leading to a multiplicity
of 4. We have calculated the amplitudes corresponding to these diagrams using the
vertex rules and propagators given before.

The amplitudes for the diagrams in Fig. 2.7, including their multiplicities, are

39°P? 0
Moza + Moy = — o2 (L+c)+0(P7) (2.68)
39 P? 0
2(Mage + Mara) = 2 (1+c)+0(F) (2.69)
29°P? 0
4 (Mage + Magp) = — 2 (L+c)+O0(P7), (2.70)

Each of the diagrams in Fig. 2.7 contains only one propagator of the B field. We
consider the couplings AAA, AB and AAB here . Now we are going to consider the
diagrams having the couplings in the diagrams in Fig. 2.8 where we have used AAA,

AB and ABB and AABB couplings.
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? : i
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(a)
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Figure 2.7 Scattering diagrams with P? behavior: I
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A (b)
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() A

Now consider the diagrams in Fig. 2.8c and Fig. 2.8d. We can place the AB

coupling in any one of the legs. Due to this placement of AB, we get different

Feynman diagrams but with an internal B-propagator joining two ABB vertices. We

find that each of them provides the same amplitude. Hence we get a multiplicity

of 4 for these diagrams. Similar reason is behind the appearance of the multiplicity

factor 4 for the amplitudes in eqn.(2.72)-(2.73) due to the four placements of the AB

couplings on the external legs in the Fig. 2.8¢-2.8f.

But in the case of Fig. 2.8a, if we place the AB coupling at different legs as shown in
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a%] %\\ /1666
Y A
(6@6 (a)
b

()

(f

Figure 2.8 Scattering diagrams with P? behavior: II

Fig. 2.9, then we find their contribution is &' (P°). There are other diagrams which also
have two propagators of B field. These are constructed using the quartic couplings

AABB and AB as shown in Fig. 2.8g-2.8i.Including multiplicities, the amplitudes of
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(@) (b)

Figure 2.9 Scattering diagrams with PY behaviour.

the diagrams in Fig.2.8 are

2% P? 0
2 (M2.8a + M2.8b) = m2 (1 + C) + ﬁ(P ) (271)
4¢°P?
4(Mase + Msgq) = ng (14+¢)+ O(P?) (2.72)
4 2P2
4 (Moge + Mogy) = — gm —(1+¢) + O(P°) (2.73)

2 P2

2
2(Maogg + Mosp + Mag) = J

— (14 3c+2c¢%) + O(PY). (2.74)

We have shown detailed calculations of amplitudes of the diagrams in Fig. 2.7b,
Fig. 2.7e-2.7f and Fig. 2.8e-2.8f in appendix B. There are remaining diagrams which
contains three propagators of B field, shown in Fig. 2.10. There are two of each
diagram, corresponding to exchanging the B line between the incoming lines and

simultaneously between the outgoing lines. The amplitudes for these are

49°P?
m2

2 (Ma10a + Mooy + Moo + Maiga) = — (142c+c)+0(P). (2.75)

Adding the amplitudes of the diagrams in Fig. 2.7, Fig. 2.8 and Fig. 2.10, we get

g2P2

Mp = —
r 2m?2

(14c)+ o(PY), (2.76)

There are other diagrams containing four internal propagators of the Kalb-Ramond

field. These are shown in Fig.2.11. They are irrelevant to our concern because they
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Figure 2.10 Scattering diagrams with P? behaviour: III

contribute &(P°) at the leading order. We have found the scattering amplitude of
AT A7 — AT A7 ineqn.(2.40) based only on the interactions in Yang-Mills Lagrangian

density. The amplitude of the diagrams in Fig. 2.12 is found to be

2P2

Mgzaﬁﬂ+d+ﬁ@% (2.77)

If we add to it the total amplitude of the B-mediated tree level scattering process
ATA™ — AT A~ given in eqn.(2.76), we find

Mqp + M ——92P2(1+ 92P21+ +O0(P°) = O(P° 2.78
T ¢="5 3 ¢) + 55 (L+c)+O0(F) = o). (2.78)

Hence cancellation of the P? divergence occurs exactly and unitarity survives. The
tree level amplitude for AT A7 — A} A7 elastic scattering remains finite as P — oo,

and unitarity is not violated. We note that there are tree level diagrams other than the
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(a) (b) ()

Figure 2.12 Scattering diagrams of AT A; — AT A7 from F*F,, term.

diagrams shown in Fig. 2.11 in this model for the A; A, — A} A; elastic scattering
process, but all those are of the order P°, so do not affect our argument.

Now we are going to check the unitarity of the tree level scattering process

AT AT — AT A}, Considering the AAA and AAAA couplings in FI"F°

u e get

the diagrams, shown in Fig. 2.13. The amplitude of the scattering process AT AT —
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Figure 2.13 (a) t-channel; (b) u channel; (¢) quartic interaction of AT AT —

AT AT process.

AT A* can be obtained in the high energy limit using eqn.(2.13) and eqn.(2.21)

Moz = Maise + Maasy + Mase
= Fele oy Mg

2
—%. (2.79)
Now including the couplings among the A and B fields, we get the diagrams with a
single B propagator shown in the Fig. 2.14 The total amplitude of the ¢ channels is

g2 P?

211 = (Masa + 2Mo1n + 4Moise) = S (1+110) + O(PY). (2.80)

There are u-channel diagrams corresponding to the ¢ channel diagrams of Fig. 2.14
which I do not draw here. We can easily get the amplitude of the u-channel diagrams
from the corresponding ¢ channel amplitude exchanging the legs of the Feynman di-
agram carrying the momentum p’ and ¢’. As a consequence, if a term in a amplitude
of the t-channel depends on ¢, we can get the amplitude of the u channel then by re-
placing ¢ by —c in the t-channel amplitude. Hence the amplitude from the u channels
corresponding to the t-channels in Fig. 2.14
2 p2

u 9P
214 = Q—mQ(l —11¢) + O(PY). (2.81)
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A A"
(@) (b) (©)
Figure 2.14 (a)t-channels with single B propagator.

So the total amplitude of the ¢t and w channels corresponding to Fig. 2.14 is

92P2
M214—M214+M214—F+6<P0). (282)

2

Next, we come to the t-channel diagrams with two propagators of the B field are

shown in the Fig. 2.15. The total amplitude for the diagrams in Fig. 2.15 is

SN M o, M

(a) (b) (c)

Figure 2.15 t-channels of ATAT — A1t AT process with two B propagators.

292P2
2

m

3.15 = <2Mt2.15a + 4Mé.15b + 4Mt2.15c) - = (1 + 30) + ﬁ(PO)- (2-83)
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Using the same arguments as in the previous case, we get the total amplitude for the

corresponding v channel diagrams as

. 292P2
315 = ——— (1—3c)+ O(P°). (2.84)

So the total amplitude of ¢ and u channels corresponding to Fig. 2.15 becomes

492P2

Mo s = — 2 + ﬁ(PO) (285)

Now we are considering the ‘contact’ diagrams which contains two B propagators.

They are shown in Fig. 2.16. The sum of their amplitudes is

+ +

S Y

(@) (b) (c)

Figure 2.16 Quartic interaction of the process AT AT — AT A" with two B

propagators.

492 P?
2

Mo 1s =2 (Mo iga + Maig + Maise) = — (1+ 262) + ﬁ(PO)- (2.86)

m

Each of the remaining relevant diagrams contains three propagators of B field. These
are shown in Fig. 2.17. The total amplitude of the ¢ and v channels corresponding to
the diagrams, shown in Fig. 2.17, is

8¢ P?
Mor = fn—zu +2) + 0(PY) (2.87)
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(a) (b)

Figure 2.17 (a)Diagrams contains three B propagators.

If we add eqn.(2.82), eqn.(2.85), eqn.(2.86) and eqn.(2.87), we get

M = Mo+ Msis + Msoig+ Moz

2 p2 2 p2 2 p2 2 p2
g-P  4g°P°  4g°P 2, Sg°P 2 0
= T T (120 + (14 )+ O(F)
2 P2 2
g P g°s

The total amplitude in eqn.(2.88) comes from the interactions among A and B field
in the topologically massive model. So the sum of the amplitudes in eqn.(2.79) and

eqn.(2.88) is

AT AT A+ AT g’s g's 0 0
M :_4_Tn2+4_7722+ﬁ(E):ﬁ(E ) (2.89)

Hence we can see that the divergent part of the scattering amplitude is cancelled
when we consider the non-Abelian topologically massive model. In similar way, we

can find the unitarty of A~A~ — A~ A~ scattering. Considering eqn.(2.32) we see

that

M(A"A™ = A"A7) = M(A"AT — A3A%) (2.90)
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holds in the high energy limit. So we can easily say from the above relation that the
unitarity of the process A~AT — A3A3 is assured. We conclude that the topologi-
cal mass generation mechanism for 3 + 1 dimensional SU(2) gauge theory with the
Lagrangian as given in eqn.(2.61) does not violate tree level unitarity of scattering
amplitude of longitudinal gauge bosons. Various couplings among the B and A fields

in {1 Hj,\ and B A F terms plays important roles in obtaining the unitarity.
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Appendix A

Derivation of the isospin amplitudes

The third component of weak-isospin I3 of A=, A% and A% are respectively —1, 0
and +1. So the two particle product state |11, myms) can be decomposed into total
isospin states |I, M) using Clebsch-Gordan coefficients, i.e.,

LIy, myma) = > |1, M) (I, M1y, I; my, my) , (A1)
IM

where m; runs from —I; to I; and ms from —1I5 to Is. The Clebsch-Gordan coefficients

(IM|I, I3;my, my) are non-zero only if m; + my = M. For example

6 2 3

|AA®) = |1,1;0,0) = \/2\2,(» - \/gyo,oy (A.3)

Hence using the orthogonality of the state vector we have

(ATAT| S |AA®) = —( %<2,0|+ %(1,0|+\/§(0,0|>S<\/§|2,0>—\/;0,0)
(A

(Mo — Ms),

1 1 1
<A+A—]z<1,1;1,—1|:—( ~(2,0] + /= (1,0] + —<0,0|>, (A.2)

Wl =

66

)

4)
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where the we have defined

(0,0 S10,0) = Mo, (A.5)
<17M|S|17M>:M1, (AG)
(2, M| S [2, M) = Ms. (A.7)

The S-matrix is Poincare invariant, therefore it is invariant under SO(3) group. Then

we can say using Wigner-Eckart theorem that the matrix elements in eqn.(A.5)-

eqn.(A.7) are independent of M [98-101]. In a similar way we get

and

(A=A S |A-4%)

and

(ATAP| S |ATA%) = (\/§<271|+\/g<1’1|)5(\/;2’1>+ %|1,1>)
1
2

(A"A7|S|A- A7) = (AT A*| S |ATAT) = M,

(A.8)

(A.10)

Using eqn.(2.34), eqn.(2.35) and eqn.(2.32), we can express eqn.(A.4), eqn.(A.8)

and eqn.(A.10) as

<

M(t,s,u) + M(u, s, t) = 2 (A.11)

M(S, t, u) == (./\/lo - Mg) (A.l?)

N =W =

M(t, S, u) = (M1 + MQ) . (Al?))
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Solving eqn.(A.11)-(A.13), we have

My = 3M(s, t,u) + M(t, s, u) + M(u, s, t) (A.14)
M; = M(t,s,u) + M(u,s,t) (A.15)
My = M(t,s,u) + M(u, s, t) (A.16)

as given in the eqn.(2.46)-(2.48).

A.1 Kinematics

In the centre of momentum frame for the elastic scattering process A*A” — A°A?, the

gauge bosons A% and A’ are moving along z-axis as shown in Fig. A.1. The diagram

y A
%
V4
P b
A > A
.
A

Figure A.1 Kinemetical diagram in the centre of momentum frame.

is in the y-z plane. The four momenta of the gauge bosons A% and A® in initial state

are respectively

= (F,Pz) ¢ = (E,—Pz). (A.17)
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where P is magnitude of the three momentum. The four momenta of the gauge

bosons in the final states are
Pt = = (F, Pn) J"r = = (E,—Pn). (A.18)

Here n is the unit vector along the direction of the scattered gauge boson and it makes

an angle  with the z-axis i.e.
Z.n = cosé, (A.19)

which will be abbreviated as ¢ in our analysis of the scattering process. The longitu-

dinal polarization vectors of the initial states are

(P,E%),  e'=—(P,—E%), (A.20)

e —1
P
m

which satisfy p,ef = 0 and g,e/ = 0. The longitudinal polarization vectors for the

final states are
(P,—En), (A.21)

satisfying pje/, = 0 and ¢, = 0. We use Mandelstam variables s, ¢ and u in terms

of the four momenta as

§= (p + Q)Qa 1= (p - p/)27 U = (p - q/)27 <A22)
which is in the high energy limit i.e. £ > m, becomes

s~ 4E7, t~ —2P%(1 —¢), u = —2P*(1+c). (A.23)

A.2  Amplitude of A?A% — AS A? scattering.

Here we show the calculation of the amplitude for the ¢, u and s channels and quartic

interaction of the scattering process of longitudinally polarized gauge bosons A¢A —
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A°A? where they are taken to be massive in SU(N) gauge theory. The result is used
in eqn.(2.13). The t-channel diagram of the scattering process is shown in Fig. 2.1a
and also in Fig. A.2. First we consider the non-linear interactions among massive
gauge bosons in pure Yang-Mills Lagrangian density and show how the scattering

amplitude violates unitarity. We calculate in the Feynman-'t Hooft gauge for the

Figure A.2 t-channel for A®A® — A°A¢ scattering.

propagator of the gauge boson A. The Feynman amplitude is given by

iM, = el VIvNDL, Vi el el (A.24)

aec

where the € are the polarizations of the external gauge bosons, and

LGN LGN
VA = G uce [0+ PG — (20— D)pgor — 2p — P)ugin] . (A.26)

The V*A is obtained from eqn.(2.4). Applying the condition of the longitudinal

aec

polarization vector p"el = 0, I find after some algebraic manipulations

facefbde / / /
Mt g2m [(p +p ))\Ep CEp — 2p : Ep(Ep + €P ))\:| (AQ?)
X [(q +q) g€, —2q - eg(e” + eq'))‘]
_ 2 facefbde B)\Ct)\ <A28>

)
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where for the convenience we have defined the 4-vectors

3

B = (_2P2E(1_c)_2Ec,{_5(1_0)_P(2—c>}(2+ﬁ)), (A.29)

m2 m2
( 2P2F

m2

3

o = (1—c)—2Ec,{%(1—c)+P(2—0)}(2+ﬁ)>. (A.30)

We have used

PE
Prog=pe=q¢¢=q¢c=—-(-c (A.31)
and
/ P2 !
- = {ﬁ(l—c)—c} =l ¢! (A.32)

from eqn.(A.17)-(A.21) to get eqn.(A.28) from eqn.(A.27). Now taking the high

energy limit P > m, we can write

1 1 1 - m? -
t—m?2  —2P2(1—¢c)—m2  2P2%(1—c¢) 2P2(1 — )
1 m?2
= -——— | ] - — |

2P2%(1 —c¢) 2P2%(1 —¢)

(A.33)
Hence the Feynman amplitude becomes in the high energy limit

2 P4 P2 2

M =g face foe {m(?)—i-c)(l — ) +2—m2(9+7c—4c )] (A.34)
E* E?
~ 2

~ —g facefbde {@(3 -+ C)(l — C) — 2_7’)’1/2(3 — 150):| . <A35)

Similarly we can calculate the amplitude for the u and s-channels and quartic inter-

actions shown in Fig. A.3. The amplitude of the u-channel is

fadefbce / /
M = ng [(p+d)rép - €0 — 24" - €p(€ep + €4 (A.36)
X [(q —I—p/))\Eq €y — 2q - €4(€q + ep/)ﬂ
_ g2 facefbde B;Cu)\, <A37)

(u —m?)
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(a) (b) (c)

Figure A.3 (a) u-channel; (b) s-channel; (c¢) quartic interaction.

where

Bu

<_2P2E(1 +¢) + 2Ec, {—i—z(l +0) —P(2+C)} (é_ﬁ))  (A.38)

cv = (—2P2E(1+0)—2Ec,{Z—Z(l—i—c)—i—P@—l—c)}(é—ﬁ)). (A.39)

In the high energy limit, we get the amplitude of A%A® — A°¢A? scattering process

in SU(N) gauge theory

4 2
My = G fadefoce {%(3 —o)(1+¢)+ 2%2(9 —Te— 4c2)] (A.40)
4 2
~ =0 fade free [%(3 —c)(1+¢) - QE—W(?) + 15(:)] : (A.41)

The amplitude of the s-channel is similarly calculated to be

2 fabefdce
I

M (s — m?) [(p— @)rép - €4 — 20 - €5(€p — €)1 (A.42)

X [(q’ —|—p’))‘eq/ €y — 20 - g (€ — eq/))‘}
fabefcde

o m2>B§CS& (A.43)
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where

3
B = (0, (% + 6P> z) , (A.44)
m

o= (0.( v or) ). e

In the high energy limit the amplitude of the s-channel in SU(N) Yang-Mills theory

becomes

4Pt 9p?
MS ~ _92fabefcde |:_4 + S + 9:| (&
m m

(A.46)
4E*  E?
~ _QQfacefbde |:_4 + — + 4:| C. <A47)
m m
The amplitude of the quartic coupling is calculated similarly to be
2 P2 P2
Mq ~ = |9 face vde {w(?) + C)(l - C) + (1 — C)(l + c)} (ﬁ + 1)
P2 P2
+ g2fadefbce {ﬁ(z)) - C)(l + C) + (1 + C)(l — C)} (— + 1)

m?2

4P2% [ P?
- g2fabefcdew (ﬁ + 1) ] (A.48)

- [g2facefbde { E B+c)(l—c)+2(1—c— 62)} -

Q

m?
2 2
+ G Fade foce {%(3 —c)(l+c)+2(1+c— 02)} 2

AE?c E?
- ngabefcde (W - 40) 5 |- (A49)

These amplitudes in eqn.(A.34), eqn.(A.40), eqn.(A.46) and eqn.(A.48) are shown in
eqn.(2.9), eqn.(2.10), eqn.(2.11) and eqn.(2.12) respectively. We now calculate the
Feynman amplitude of the elastic scattering with the Higgs mediator in the SU(N)
gauge theory. There are three channels corresponding to s, t and u. The vertex rule

corresponding to the hAA vertex is

iv,uu,ab = iméabn,w. (A50)
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A
Figure A.4 Vertex rule for hAA.
a C
g C AWA
-------------- '
b d
A A m@@@ %%
A Ad
(a) (b) (c)
Figure A.5 (a) s-channel,(b) t-channel, (¢) u-channel for Higgs mediated
diagrams.
Using the vertex rule we can find the amplitude of the diagrams.
The Feynman amplitude for the s-channel in Fig. A.5c is
ME = (igm)ouy—— (igm)dualey - )"
2,2 2 2
g‘m 2P
= —dap0c 1) . A5l
oty (o ) Ao
In the high energy limit, it becomes
2 p2 2
Mh ~ = ab(scdg ~ _5ab60d£- <A52)

S m2

4m?
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The Feynman amplitude for the t-channel in Fig. A.5a is

M? = (gm)éact—<gm)5bd(€p"ep)2

_ 2
h
2,02 2 2

gm P
= —0u0pg—— | —(1 —¢) — : Ab3
i (=9 <) A

In the high energy limit,

M? ~ 5ac5bd%(1 — C) ~ _5a05bd%‘ <A54)

The Feynman amplitude for the u-channel in Fig. A.5b is

: 1 :
M, = (ng)éadu——m%(wm)ébC(EP'eq’)Q
2,2

g°m p? 2
= 6ad5bcm ﬁ(l + C) +c . <A55)

In the high energy limit,

2P2
MZ ~ adébc%W(l + C) ~ _5ad5bc

2
gu
. A.56

Thus the total amplitude of Higgs mediated A°A® — A°A? scattering, shown in
Fig. A.5a, in the high-energy limit is

2

ME+ M4 M~ —# (5 OupOod + T GacBpa + U Faadpe) (A.57)



Appendix B

Amplitude of some B-mediated

ApA; — A; A; scattering-channels.

Here we show some tricks which we use in the calculation of the amplitudes of B-
mediated diagrams for ATA~ — ATA~ and give some examples to show how the
tricks help us in the calculations. We now show explicitly how the amplitude of ¢-
channel Feynman diagram in the Fig. 2.7b is calculated. It is redrawn in the Fig. B.1
with the four momenta shown on the legs. The four momenta, p, ¢, p’ and ¢ are

specified in eqn.(A.17) and eqn.(??). The Feynman amplitude for the diagram is

A2 AC

o

Figure B.1 t-channel Scattering diagrams with B-propagator

d
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then given by

pv Mga[a’gﬂ’w ‘ o
M = epep,(—zgmfaceemaﬁ)z—t — (—igm feva)€poarpretey (B.1)
2,2
g’m
= —(t ey face fode (ep . eqe; . e’q — €y EgEy - eq) ) (B.2)

We use some tricks to find the amplitude of the Feynman diagrams containing

the AB two point function Fig. B.2a. The calculation of the ¢-channel diagrams in

AP'
\
u A
A OO0 -+ x B° A
(ﬁ A'
Ab
@ ®)

Figure B.2 (a) Diagram corresponding to vertex tensor A%’; (b)diagram

corresponding to vertex vector V*

Fig. B.1 and its corresponding s-channel diagram, shown in Fig. 2.7, are the simplest
B-mediated diagrams among all the other diagrams shown in the Fig. 2.7-Fig. 2.10.
We have already seen that except the diagrams in the Fig. 2.7a and Fig. 2.7b, all the
diagrams contain AB couplings. So we calculate the contraction of AB-vertex rule,
given in the eqn.(2.62), with the longitudinal polarization vector of the massive gauge
boson moving along the z axis. We have excluded the propagator of B field which
is shown in the Fig. B.2a by the X mark where the B-lines end. We get a ‘vertex

tensor’

A = ¢ Pp, b = e (B.3)
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according to eqn.(A.17) and eqn.(A.20). The calculation of the amplitudes of the
diagrams in Fig. 2.7e and Fig. 2.7f with the placement of AB coupling on different
legs, becomes easier if we use some tricks. Excluding the propagator of B field, we
contract the two point vertex rule, given in eqn.(2.62), by the longitudinal polarization

of the gauge boson along the z axis to get

A : Aupo igP[P/g‘T/]O' o' s
Vi o= e (—igmfeae™” )Wmep qs€?
= _gfcab[q)\ €p-€q — q.€p 62] (B4)
= _gfcab(Ea Pé) = _gfabcp)\~ (B5)

Similarly we can find the ‘vertex-vector’ for the diagrams in Fig. B.3 using eqn.(2.21),
A+
o
el
q
%3%%; ®) q’\*
& ormTIIX A A
e g
. S

(a) (c) q\‘%

Figure B.3 Diagrams for vertex vectors.

(@) Visa = 99", (B.6)
b) Vag = —9d”, (B.7)
(€) Vise = g™, (B.8)

and for the diagrams in Fig. B.4
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PN
A

A q

(c) (d)

Figure B.4 Diagrams for vertex vectors V3 ,, — V3 44-

(@) Vis = 9(Ec, P2), (B.9)
(b) Vi = —g(Ee,—P2), (B.10)
(¢) Vs = 9(Ec, Pi), (B.11)
(d) Vi = —g(Bc,—Pn). (B.12)

We can use these results to calculate the amplitude of the diagrams in the Fig. B.5.
These are diagrams shown in Fig. 2.7e and Fig. 2.7f. For the s-channel diagram, we
have

—ig.,
MS = Vg.i’)a g“ OS

s—m?2 7

2 4P4
S <—+6P2> ¢, (B.13)

s—m?2 \ m2
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(a) (b)

Figure B.5 (a) s-channel and (b) ¢ channel with one B-propagator, which

are also shown in Fig. 2.7e and Fig. 2.7f.

where C? is given in eqn.(A.45). For the t-channel

_ A —Yuv v
Mt — VB4a8 _ m2 Ct

— mu%J&%;jﬁg<_2Zf%y_@_2Eq{g%ﬂ—cy+P@—cﬁwz+ﬁ0
= t_ing [,,Z—z(l —)(1+3¢) +p2(2—c>(1+3c)+2m2c} : (B.14)

where C} is given in eqn.(A.30). In the high energy limit

g*Pc M N_g2P2
m2 '’ t 2m?2

(1+ 3c). (B.15)

Hence the total amplitude for the diagram in Fig. B.5 is

92 p2

MS+Mt:—2m2

(1+c), (B.16)

which is used in eqn.(2.70). We also find the vertex-vectors for the diagrams shown
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‘\ A
A3
At (a)
p
S
/OT0000K A

Figure B.6 Diagrams for the 'vertex vectors’ containing two B propagators

in Fig. B.6 as

= g(2Ec¢, P(2+n)),

= —g(2Ec¢,—P(z +
= g(p—q),
— g(p/ o q/))\.

n)),

(B.17)
(B.18)
(B.19)

(B.20)

We can use them to calculate the scattering amplitude of the diagrams in Fig. B.7,

which are the diagrams in Fig. 2.8a and Fig. 2.8b. The amplitude of the s-channel,

shown in Fig. B.7 is

MB.7a =

—1
VBg\‘b'c g)‘P Cp

s—m?2 °

1 4p3
= (0,2Pz 0
0.20%) —— (0. (3

m2

)

2 P4
J (8— + 12P2> .

5 —m2

(B.21)
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(a) (b)

Figure B.7 Feynman diagrams with two B-propagators:(a) s-channel; (b)

t-channel corresponding to Fig. 2.8a and Fig. 2.8b.

The amplitude of the t-channel diagram in Fig. B.7b is

—igx
_92 2P4
= —"— | = (1+3c)(1 —c)+4P%(1 — c) + 4E*c+2P*(2 — ¢)(1 + ¢)

t—m?2 | m?

(B.22)
Thus, in the high energy limit we find
2 2P2 2P2
MB.?a ~ — 9 56 MB.?b ~ g 5 (1 + 30) <B23)
m m

Hence if we sum up the amplitudes of the s and ¢ channels, we get in the high energy
limit

2P2
My~ gm (1+0), (B.24)

which is used in eqn.(2.71).



Chapter 3

g function in topologically massive

theory

In this chapter we will see the behaviour of gauge coupling constant g with the change
of the energy scale in a topologically massive gauge theory based on the work in [105].
We know that perturbative technique can be used at high energies in non-Abelian
gauge theory due to asymptotic freedom. Asymptotic freedom was shown in [16, 17]
assuming the gauge bosons to be massless. To begin with, we consider Yang-Mills
Lagrangian density, shown in eqn.(2.3). Taking the Lorenz-gauge condition, we have

to add a Lagrangian density for the ghost field to eqn.(2.3), and we get

1 1
L == B Fu = 5 4) 4 0'0- Dy, (3.1)

where w and @ are the ghost fields and D, is the covariant derivative. The propagator
of the ghost field is

l

iD® (k) = 7 5, (3.2)

which is shown diagrammatically by a solid line, as in Fig. 3.1.

83



84

w Wy,

Figure 3.1 Ghost propagator is represented by unbroken line.

Using the self couplings among gauge field and the three point coupling among
gauge field and the ghost fields, we can calculate the one-loop correction to the two-
point function of the gauge field. The one-loop diagrams are shown in Fig. 3.2. The
behaviour of the gauge coupling constant g with the energy scale u can be expressed
by the “beta function”, which is defined as

_ 9
© Olnp

B (3.3)

In the case of SU(N) Yang-Mills theory, with the Lagrangian density given in the

O R~

(a) (b) (c)

Figure 3.2 One loop diagrams, contributed from (a) 3-point couplings
among gauge fields; (b)quartic couplings among gauge field; (¢) 3-point in-

teraction among gauge and ghost fields.

eqn.(3.1), it is known [16,17] that

3
g°N 11
mMz—mﬂga (3.4)

If we consider the inclusion of matter fields (fermions and scalar) in the Lagrangian

density then the one-loop  function becomes

m@:—(%N—g —ém)ﬁ. (3.5)
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Here a = %, Ny and Ny are the number of flavours of fermion and scalar fields
respectively interacting with the gauge fields. We can see from the above eqn.(3.5)
that the [ function has positive terms due to the presence of the matter fields in
the theory. The S function for Curci-Ferrari model was calculated by Boer et al at
one loop order [109] where the Yang-Mills field where the Yang-Mills gauge bosons
are Proca massive. The [ function becomes the same as the g function of massless

Yang-Mills theory i.e.

11N o?

Bla) = i (3.6)

We are now treating a topologically massive model, where various non-linear cou-
plings among gauge and two-forms fields are present, we are curious to see how the

B function is modified in the model. We have taken the Lagrangian density

1 1 m
r_ a v VA 170 vaf e pa
g = _ZFHVF‘f —|——12H5 HMV)\_‘_ZEM F’w/ afB
1

— a —a 1 vya2
‘f‘auwaauw - gfbcaAzauw We 25 (@MAg)Q + % {(DMBM ) } ) (37)

where B* field is now treated like a matter field. In particular, we do not consider the
vector gauge symmetry of B*” field. Hence the vector ghost and ghosts of the vector
ghosts fields do not take part in our calculation. Here H} \ = (D[MBV,\})Q. The term
ﬁ (DMB‘“’)”‘}2 is added to get the propagator of B field, where n is an arbitrary
parameter. We will take £ = 1 and n = 1 as in Feynman-'t Hooft gauge for our
calculation. The two form field is often compared to a scalar, so it necessary to check
how the interactions between gauge field A and the two form field B contribute in the
behaviour of the gauge coupling constant with the energy scale. With this purpose,
we are going to calculate the one loop correction of the gauge boson propagator. The

loop diagrams are constructed from various couplings in this model. The propagators
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of A and B fields as shown in eqn.(1.153) and eqn.(1.154), are

kuky
.ab NG — (1 - 6) Z2 2 kuku ab
ZDW—‘Z[ R R L (38)
Elukiago)v)
b | Guiegaw + (1L =)= o kkpngon) | ca
Do = [ " TR ey |0 (39)

The square of the covariant derivative of the B field contains the terms g0, B* A, B"",
which contain the partial derivative of B field. On the other hand we can also have
the derivative coupling ABB from the H"*H,, as we found in the previous chapter.

Hence the ABB vertex rule for the ABB coupling shown in Fig. 3.3a becomes

Vi e = gf™ [(p — 9097l + (P 4/ M)y 9r0Ipl — (@ + /1) x GplloGrin | -

(3.10)

The term % {(D,,B")*}? in the Lagrangian density also has the coupling AABB. So

taking the contribution from the H**H,,, and % {(DMB“”)“}2, we get the vertex

A PA H
B, B, N Ac

N AN

N AN
N \a
AN N N
H N
N
AN Ac
Y 0000000000 4
, s
, s
/1
/'/ s
s
.7 q s

7 oT v
Bor Bb Ad

b

(a) (b)

Figure 3.3 ABB and AABB vertices;

rule

< rabe . 1
Zvﬂf;jp’cm_ = 7,92 |:facefbde (g,uug)\[agr]p + Gule9r1g\Gplv — Egu[)\gp][agT]u)

1
+ fadefbce GuvGN\o9r)p + unGplgloGrlv — ﬁgu[agr]g[)\gp}u (311)
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This vertex is shown in Fig. 3.3b. We will use the vertex rules in eqn.(3.10) and
eqn.(3.11) in the one-loop calculations. We will calculate the 8 function of the gauge
coupling constant at one loop order. The dimensional regularization procedure is
used to work out the loop integration in (4 —¢€) dimensions, where € is an infinitesimal
number. In (4 — €) dimension, the gauge coupling constant has mass dimension %
and can be written as ;2g, where u has the dimension of mass or energy. We define

the bare Lagrangian density at one-loop order as

1 1
Ly = = Ty FFL, + Zip HP iy + 2, Zew’* o By
+  Z50,0,0"w® — ZigfbcaAza”(D“wc 25 (8 Ary?
1
= L {(DuB™)} (3.12)
U

where the Z’s are the factors which appear due to one-loop corrections of the kinetic
terms of the fields, and of various couplings, and the subscript ‘%’ designates the bare
Lagrangian density. It contains divergent contributions from the loop calculations.
The bare fields, mass, and gauge coupling constants are related to renormalized fields,

mass, and gauge coupling constants as

1
Ay = Z2A (3.13)
1
By = Z:B (3.14)
1
wg = Ziw (3.15)
T
Mmg = ——Mm (3.16)
Z3 7t
. 7
9z = p? 9 (3.17)
73 7,

where the subscript ‘%’ indicates that the fields and coupling constants in the left
hand side of above equations are bare fields and the bare constants respectively. To

find Z3, our next task will be to get the exact propagator of the gauge field taking the



88

infinite insertion of the sum of one loop contributions to the gluon propagator. The
sum of one loop contribution is designated as iII*?. This sum is diagrammatically
shown in Fig. 3.4 where the solid black blob represents i11*’. The complete gluon

propagator including one loop correction can be written as
OO 000D = TOO0O00 m‘m + m.@‘m o

Figure 3.4 Exact propagator at one loop.

A,y = iDy, +1D,ail1%iDg, + i D,0il1*i Dy il Dy, + . .. (3.18)

We will see that 117 will take the form {m;(p?, m?)(g*’p* — pp®) +ma(p?, m?)m?g*#}.

The result of the infinite sum is

I

X . Guv — 7 Kk, 1
A, = — . 3.19
u ZLl—mM?—m%1+m)+§k2(W—fmm2 (3.19)

Including the counterterms, the first term of iAW is modified as

kuky
guu_l];_2

iDY = —i
H k? —{(Z,, — 1)+ 1}*>m? — (m k? + mom?) + (Z5 — 1)k?

(3.20)

The coefficient of £* in the denominator of i D}, becomes (Z3 — ;) k*. On the other
hand, we can find from the bare Lagrangian density in eqn.(3.12) that the transverse

part of bare propagator of the A field as

LG

iDIY = = (3.21)
# k? —m?,
Comparing eqn.(3.20) and eqn.(3.21), we get,
Z3 =1+ . (322)

We will find Z] and Z) from the one loop correction of the coupling Aww and ghost

propagator respectively and find g4 according to eqn.(3.17). The generic form of Z
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factor at one-loop order is

flg(p))

€

Z=1+ (3.23)

where f(g(u)) is the function of g(u). Using this form of Z, we can express gz at

one-loop order in eqn.(3.17) with the subtraction point y as

Ingy = (g Inp + Z w + lng(u)> (3.24)

where G,,(g(u)) are the functions of g(1). The summation over n in the right hand side
of the eqn.(3.24) appears due to Taylor expansion of terms like In(1 + z). G, (g(p))’s
are the function of g whereas G(g(p), €) designates the sum. Since g4 does not depend

on i, we have

01n gz e 09 = 10G.(g(p) 1 9y
=0= 1= — 3.25
a o <2+61nu;e” dg +g(u)8lnu ’ (3:25)
which yields
e Og(p) — 1 9G.(9)
—+=—=—=11 — = 0. 2
9(m)5 + Iy +g(u) ; o ag 0 (3.26)
. dg(p) . . . . .
Since is the rate of change of g with respect to In i, this quantity is a physical

Inp
quantity and it should be finite in the limit ¢ — 0 [107,108]. With this demand, we

should write in a renormalizable theory

S =~ o) + 5(9) (3.27)

Equating the coefficients of € to be zero, the first term —$g(y) is fixed by matching
the O(e) term in eqn.(3.26). Using eqn.(3.27), we get from eqn.(3.26)

190G, | 109G, '”N_O

Bl) + (~5900+ 5) o0 (1522 + S5 + (329

Now equating the coefficient of €* in eqn.(3.28) to be zero, the second term, 3(g) is

determined. Hence we get

g% (pn) 0G1(g(w))

(3.29)
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1
The coefficients of — must be zero which determines all the other G, (1) in terms of
en

1
G1(g(p)). For example cancellation of coefficient of — provides
€

where we have used eqn.(3.29). We will use eqn.(3.29) for the calculation of f(g)
function here. G(g()) is calculated from the one loop calculation which we will see.
For the calculation of one-loop S function, it is sufficient to consider the coefficient of
% after the loop integration. We consider first the diagrams shown in Fig. 3.2 from
which we will get the contribution for Z3. The loop calculation corresponding to the

diagrams in Fig. 3.2 shows that the pole of the propagator of gauge field modifies the

2
result and the sum of the divergent part of one loop amplitude. The coefficient of —

€
for the diagram in Fig. 3.2a becomes

H3.2a _ 1 N(SabQZ _199;wp2 + 22pupu 2 1

ab,puv,e — _5 167T2 6 - 9m guy 5 (33 )

1
where the 5 is taken in order to compensate for identical propagators of gauge bosons
in the loop. Here the subscript ‘e’ of Ilg . designates that the right hand side of
2 2
the equation is the coefficient of —. The coefficient of — from the diagrams, shown in

€ €
Fig. 3.2b and Fig. 3.2c are respectively

N6 g2 (—g,wp® — 2pupy)
3.2b o 2 3.2¢ o [n% ullv
Wabjre = =3 6 gurs Wik = =62 12

. (3.32)

Adding the contributions in eqn.(3.31) and eqn.(3.32) we have

Naabg2 5 3
= ~(P*Gw — Pup) + =mPg | -(3.33)

HS.Q — H3.2a H3.2b H3.20 —
+ T abwe = o2 |3 2

ab,pv,e ab,uv,e ab,pv,e

Now we consider the contributions from the diagrams constructed on the basis
of various two, three and four point couplings between the A and B fields. Using

the three point couplings AAB and ABB we have constructed the loop diagrams
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Figure 3.5 Loop formed by AAB and ABB couplings;

shown in Fig. 3.5. The three point coupling AAB contains m hence the vertex rule
corresponding to this coupling in eqn.(2.63) contains m. The loop integration for
the diagram shown in Fig. 3.5(a) provides logarithmic divergence! and we see from
the vertex rule of AAB that the coefficient of this divergence goes as m? . But the
vertex rule ABB coupling contains momentum as shown in eqn.(3.10). Since the
propagator of the B field behaves as p~2 in the high energy limit, the total dimension
of the divergence term in 4 dimensions is 4 + 2 — 2 — 2 = 2. As a consequence,
by power counting we can see that the divergent part of the loop amplitude for
Fig.3.5b contains two powers of the external momentum? p and mass m?. We find
the appearance of (p?¢g"” — p"p”) in the divergent part from the calculation. The

divergent parts corresponding to the two diagrams in Fig. 3.5 is

350 N5abg2
T L (3.34)
N5abg2
Hiiﬁu,e - W [(pQ.g,uz/ - p,upu) + 3m29#V] . (335)

Adding eqn.(3.34) and eqn.(3.35), we get

35 — 35 35 — Novg® _ 6m2 3.36
ab,uv,e — “rab,uv,e + ab,uv,e 167T2 [(p Guv pupv) + om guu} . ( . )

The divergent parts of loop integration corresponding to the diagrams in Fig. 3.6

1See the calculation in appendix C

2See the calculation in appendix C
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(a) (b)

Figure 3.6 Loop formed by AAA, AB and AAB couplings;

contain m? appearing only from the vertex rules of the two-point AB coupling and the
trilinear AAB coupling. We find from our calculation that the sum of the coefficients

2
of — corresponding to these diagrams is
€

. N5ab92 9
Hifuu,e = 2H2£uu,e = - 1672 Z_lng/w' (337>

For similar reasons as given above, we obtain the sum of the coefficients of %

corresponding to the diagrams in Fig. 3.7 which is

N(Sang 3
e = §ngW. (3.38)

ab,uv,e 1672

Figure 3.7 Loops formed by AAB, AB and AAB couplings;

Using the AAA, AB and ABB couplings we get the diagrams shown in Fig. 3.8.
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The sum of the divergent parts corresponding to them is

N§abg2 3m2

3.8 _
Hab e 1672 9 Guv (339)
u aqxr@dxﬁQ;EZE%znaxyub ————— “000000"
(a) (b)

Figure 3.8 Loop formed by AAA, AB, and AAB couplings;

We are now left with only two diagrams which are shown in Fig. 3.9. The four
point coupling AABB is used to form it. The diagram in Fig. 3.9b is finite and does
not contribute to the coefficients of % in the loop amplitude. The loop calculation
for Fig. 3.9a is quite similar to that for Fig. 3.2b because the vertex rule of AAAA in
eqn.(2.5) and vertex rule of AABB in eqn.(3.11) do not contain momenta of fields.
So the divergent part corresponding to the Fig. 3.9 contains an m? due to the pole of

the gauge and tensor field propagators, that is

HibQZV € Hibg;w e = 1672 9m2.g,u1/- (340)

There are no more loop diagrams left to calculate. If we sum up the divergent terms

corresponding to the diagrams shown in Fig. 3.2 and Fig. 3.5- 3.9, then we have

oy 0 = 32 mn, = Novg* 18 o A 3.41
ab,uv — tlab uv,e + Z ab,uv,e 167 TN 3(]7 g/w puPu) 4 m g,uu . ( . )
n=3.5

According to the eqn.(3.22), we can say from the eqn.(3.41) that

8 Ng?2
Zo=1+ - z
3= 3 e e

(3.42)
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(a) (b)

Figure 3.9 (a) Loop formed by AABB couplings; (b) Loop formed by AAB,

AB, and AAB couplings

We are now going to consider Z| and Z} so that we can find the g function from
eqn.(3.17). These are obtained from one-loop corrections of the ghost propagator and
the trilinear coupling Aww.

Diagrams corresponding to the one loop corrections to the propagator and the

trilinear coupling are shown in Fig. 3.10.

~ g

(a) (b) (c)

Figure 3.10 One loop contributions to the ghost’s self energy and three

point couplings among A, @ and w.
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The loop diagrams contain the coupling Aww whose vertex rule is given as

iV . = gfaep". (3.43)

where p* is the incoming momentum carried by w. This is shown in the Fig. 3.11.

Due to the massive gauge fields, we have seen how the divergent term in eqn.(3.33)

We

Figure 3.11 Three point vertex of A, w and @

contains a part having m?. It becomes necessary to check if the divergent terms fom

the loop calculation corresponding to the diagrams shown in Fig. 3.10 contain m?.

We have found?® that there should not be any term containing m? in the coefficient
2
of — and the coefficient becomes the same as found in massless Yang-Mills theory in

€
Feynman ’t-Hooft gauge [106]

N92
7 = 1—-—= 44
! 1672’ (3-44)
N92
7 =1 . 3.45
2 + 1672¢ ( )

Using Z3, Z1 and Z} from eqn.(3.42), eqn.(3.44) and eqn.(3.45) in eqn.(3.17), we get

1 - Mo

( 167r26> ( ) (3 46)

9» = K glu). .
(1+8552) (1+ %)

Comparing eqn.(3.46) with eqn.(3.24), we can see

olm

Ng? 14
1672 3~

Gy = (3.47)

3See the argument given in appendix C.
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Therefore we get,

Ng® 14

= — —. 3.48
Multiplying both side by g in eqn.(3.48), we get
14 o?

=——N— 3.49

2

where a = j— Here it can be seen clearly that this topologically massive theory is
T

still asymptotically free though the gauge bosons are now topologically massive. If we
compare the behaviour of the gauge coupling constant as a function of the momentum
scale for massless and this massive gauge theory, we see that the a decreases more
rapidly than in the massless and Proca massive cases. Behaviour of a in both theories

is shown in Fig. 3.12.

0.15
0.14
0.13 ‘
0.12
0.11

0.10

0 200 400 600 800 1000
Qin GeV

Figure 3.12 The flow of «; for ordinary (dotted) and topologically massive

(solid) SU(3) gauge theory.
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Appendix C

Loop Calculation

The generic expression of the integration required for calculation of loop-diagram is
dPk  (K*)"
Il (a,D) =
s (CL, ) / (27T)D (k,Q _ (12)5
(=1)r+s 1 Lir+5)I(s—r—%)

(47)D/2 (a2)3*’"*% F(%)F(s) (C.1)
It follows from eqn.(C.1) that
. 1 1 D\ (r+2-1)(r+2-2)...2
Irala, D) = Am)PI2 (g2 2—%F (2 B 5) (r+1)!
2228
- (7“ 1) 12( 7D)7 (C 2)
where
130, D) = gy () (5)- (C:3)

We put D = 4 — € in eqn.(C.3). Putting D = 4 in the coefficient of I9 in eqn.(C.2)

and using eqn.(C.3) we get
=L (C.)

For the infinitesimal value of the e, it is gégen



C.1 One loop amplitude of Fig. 3.5a and Fig. 3.5b. 99

€

M(—n+e¢) = (-1)" F —v(n) + O(e)] , (C.5)

where y(n) is known as Euler-Mascheroni constant and the last term in the expansion
of the I' contains non-zero positive power of €. So in the limit e — 0, the last term

becomes insignificant. We know
limz*=1+¢elnx+... (C.6)
e—0

Using eqn.(C.3) and eqn.(C.6), we get the leading term in the limit ¢ — 0,

1
(47)?

where f(a?, 1) is a function of a® and y. Now we define (. as

e 2
pely =i - =7 FIndr + f(a®, )| (C.7)

¢ = % 5t Indr, (C.8)

So, we can conclude from that eqn.(C.1), that I3, I} provide the same coefficient
2

of — when we put D = 4 in all factors other than (.. This result is very useful
€

for calculations. In order to find the beta function of coupling constant it will be

2
sufficient to find the coefficient of — from loop calculation.
€

C.1 One loop amplitude of Fig. 3.5a and Fig. 3.5b.

We will show here how the m? term appears as the coefficient of % in loop calculation
from the diagram shown in Fig. 3.5b and in Fig. C.1. We have taken the propagator
of B field as

Eukiagpp)

| Gutegay + (L —m) "5 o kiukirgoy)
k2 _ m2 k4(k2 _ m2)

iDypr(k) = (C.9)
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v,b

Figure C.1 One loop diagrams using ABB vertex

For the simplicity in calculation , we have chosen n = 1. The propagator becomes

GulpINvy o Kkpga)

iDuv,PA(k) =1 |:k’2 —m2 m k?4(k’2 _ m2) (C].O)

So the one-loop calculation for the diagram in Fig. C.1 in D = 4 — € space-time is

dPk
ab ab
HW—/(%T)D s (C.11)

where

T =15 9fama [(2K = D)uGpladsle + Plodoliadsin — Pladslipdol] 1D (0 — k) %

gfbnm [(p - Qk)ugp’[a’gﬁ/]o’ — Plp' 9ol 98" v + p[a’gﬁ/][p’ga’]u} Z‘Da/&a A (k)

(C.12)

The factor % = %1 x 7 comes due to the contraction of two antisymmetric pairs of

1

4

indices present in two propagators of B, field. Now we will see how the different

parts of the propagator of B contribute in the coefficient 2 from counting the power
€

of loop momentum k. It helps us to find the relevant parts of the propagator in our

calculation. Writing the propagator of B* as

iDMPN (k) = iy (k) + idy™ (k) (C.13)
where
. 'gu[pgf\]v
Zdlf 7P>\(k:) — Zm’ (014)
\ k[uk[kgp]'/]
idNE) = —mP T (C.15)

k.4(k2 _ m2)’
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we Ccall express

1
ab
T = ngnma [(Qk — D)u9pla98le + Plpdoljadsl — p[aﬂﬁ][pga}#]

(77 0~ R + 77 (o~ )
gfbnm [(p - Qk)ugp’[a’gﬁ’]a’ — Plp' 9o’ 98w +p[a’gﬁ’][p’ga’]u}

i <d({‘5’°"5'(k:) + dgﬁ»a’ﬁ’(k;)) . (C.16)

Our aim is to calculate the divergent part of the integration in eqn.(C.11). So we
now see what are the relevant contributions to the divergent part of the integration

in eqn.(C.16). We can see from eqn.(C.14) and eqn.(C.15) that id”*(k) behaves

1

as 7z and idy"” (k) behaves as & at high energy. So we can easily see the parts of

the integrand providing the divergent part of the integration are those which contain
di(k)di(p—k) , di(k)ds(p— k) and dy(p — k)d2(k). We can understand now that d;d;
and dy(k)da(p — k) or do(k)d,(p — k) behave like 7 and 5 respectively. The k*k”
term in the loop integration contributes as k*n*” because of

dPk kHEY 1 dPk nuqu 1
= — — 1
/ 2m)P [k? —a?]? 4 / (2m)D [k2 — a2]? n 412- (C.17)

So in order to calculate the divergence the divergent part from the part of the in-
tegrand where d;(k)d;(p — k) is present, we have to consider the terms of the nu-
merator containing k>~ where n = 0, 1,2 for four dimensional space-time. Whereas
it is sufficient to take the terms from the numerator containing k* when the parts
with dyi(k)ds(p — k) or do(k)dy(p — k) are considered. We do not consider the part
of the integrand containing ds(k)da(p — k), it behaves as kig at high energy, but the
maximum power of k from the numerator is 2+4=06; as a consequence there should
not be any divergent part in this case. We have used xAct Mathematica-package to

know the result of tensor algebra in eqn.(C.16). We get the numerator in the part of
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the integrand where d;(k)d;(p — k) is present

Ny, = 2Ndw [2g,p”° + 6k, (2k — p), +pu(p — 6k), ]

= 2Nda [(29,Wp2 + pupv) + 12k, k, — 6(k.py + kvpu)} ) (C.18)

where we have used fupefae = Ndg for SU(N) group. We have to calculate the

integration

uv _ de N{Layb
60 = | o5 == e (€19

Introducing Feynman parameter (, we get

e dPk Nig
o = [t [ (= Q0 —m2) + {(p— kP —m2)
de ! N“”
_ d lab CQO
/ <2w>D/o o=y = o
where
a2 — m2 o C(l o C)pZ (C21)

We find from eqn.(C.18) and eqn.(C.19) that we need to find the divergent part of

the integration of type

qu:/ de/ o ij = (C.22)

Shifting the variable £k — k& — (p, we rewrite the above integration as

D 1 w1V LoV (T 2V
[W:/dk/dkk—i-C(kp—i-kp)—l—Cpp' (C.23)
0

2mP o
The coefficient of ¢ in the integrand of eqn.(C.23) containing k* contributes zero after

integration because it is odd in k. Hence we are left with

D n% 2,1
I“”:/ dk/ gkk +Cpp. (C.24)
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Using eqn.(C.17) and integrating eqn.(C.24) over ¢ , we get

dPk k“k”+§2p“p 1o [ ,
[ s [ act ey = e [acrrn o)

Now using eqn.(C.1), we get

1

Ih=——
L (dm)?

(a2)(15)§F (—1 n %) . (C.26)

2
After integration over (, we find the coefficient of — from the integration eqn.(C.25),
€

as

1 p? 1
o = Zgnv [ om? — L) 4 Zprpt C.27
=9 (m 3)+3pp (C.27)

We can also find from eqn.(C.18) and eqn.(C.19) that we need to get the divergent

part of the integration

dPk kY + pUkH
I} = —6 . C.28
=8 | G i (2
2
We find the coefficient of — from the integration in eqn.(C.28) as
€
Cy = —6ptp". (C.29)

2
Finding the contributions to the coefficient of — from the eqn.(C.27), eqn.(C.28) and
€

2
eqn.(C.29), we get the coefficient of — for the integration in eqn.(C.20) as
€

MY = 2N[(2p*g" + p'p”) + 12017 + C3"], (C.30)

= 2N[p*g"™ — p"p” + 6m*g"]. (C.31)

We can easily observe from the expression of the integrand in eqn.(C.16) that the
divergent contribution containing d; (k)dy(p — k) has the numerator
Ny = —2¢°Nogk,k k[ak’ gﬂ]

= —12¢°Nowk,k,k>. (C.32)
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We have now the integration

dPk N
nv o 2ab
15 0 = / 2m)P k*[(p — k)2 — m?] (k2 — m?)’ (C-33)

2
which provides the coefficient of —
€

I14" = —3Ng". (C.34)

Same contribution as in eqn.(C.34) is obtained when we consider the part of the

integrand containing dy(k)d;(p — k):
TEY = —3Ng™. (C.35)

2
So adding up the contributions, we obtain the coefficient of — as
€

ab 2 v v 2 uvisab
Hul/,e - [2(]) g# —P”p >+ 6m g“ ](5 . (036)

1
which is shown in eqn.(3.35) with a factor 3 is taken for the two internal B propa-

gators. Now we consider the diagram shown in Fig. C.2. Unlike the vertex rule for

Figure C.2 One loop diagrams using AAB vertex

ABB coupling, AAB vertex rule does not have any momentum but it contains m.

2
So we can easily understand that the required coefficient of — comes from the part
€

containing d;(k)d;(p — k). Thus we can write

— oo’ ‘
J Qngfmbnea’Vp/)\’, (037)

1 ) . AV
% = ~1gM famn€pop qu/w ' (k)m

Iz A
- 3N92m2 ab
= W)= = (C.38)
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So the loop integration becomes I9. Hence here the m? term in the coefficient of
2
— appears only due to the vertex rule of AAB coupling. This result is shown in
€

eqn.(3.34).

C.2 One loop corrections in the ghost sector

We are going to see how the divergent part of the loop integration for the one loop
correction of ghost propagator and trilinear coupling Aww is independent of m? term.

First I consider the diagram Fig. C.3a. The loop amplitude in the Feynman ’t-Hooft

A
k Iq
i W
w3 p p+k p wb wd »p p+k-q P wP
(a) (b)

Figure C.3 Diagram for one loop correction of (a) ghost propagator and (b)

trilinear coupling Aww.

gauge is

(C.39)

d*k g*P m2kekP
[ 12 (p+Ek)s

. 9
Tap = —1g N(Sab/ (27T)4pa 2 - k4(]€2 — m2)

It is clearly seen from power counting that the part of the integrand containing k*k”

1
(p+k)*

does not provide any divergence. Only the term in the propagator containing ¢*° in

the integrand is divergent i.e. the divergence is in

1 9 d'k g*f 1 1
Tovab = 19 Nogp (27r)4pa 52 — m2 (p + )5m (040)
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So the maximum power of k£ in the numerator is 5. The term containing an odd power
of k after introducing Feynman parameters and after the shifting variable provides
zero. The next of power of k£ in the numerator is 4 which is also the power of k in
denominator of the integrand. The integral thus 7.

Next we consider the diagram in Fig. C.3b. The loop integration corresponding

to it in the Feynman-t’Hooft gauge is

[ g mk—q)*(k—q)*
/ @yt 9 Jaem fenm Jevnpa [(k “ P —me {k— 0~ m2 (k- g)t

1
X [(q + k)a’guA - (Qk - Q)uga’)\ - (2(] - k))xga’/t] (k‘ +p _ C])2 (k +p - Q)A’
AN 2NN
g m-k*k
_ C.41
. [k?—m2 K (k2 — )] (C41)

By counting the power of loop momentum k, we see that the divergent part comes

from the integration

. d*k g
Z[éj,bcc'.?)b - _ / (2 )4 9 faemfcnmfebnpam [ka/guA - Qk,ugoc’)\ + k/\ga’u]
1 g)\/\’
ky 42
AR e (C.42)
d*k Pa (kg — EkH
= / 927 )4 g faemfcnmfebn P <2 5 9 ) 5"
(27) [(k = )" = m? (k2 —m?)(k +p — q)
(C.43)

Introducing the Feynman parameters (;, (s and (3, we get the the divergent part of

loop integration in D = 4 — € dimension as

1 1 1 D "2 ap 1/
Z'FZbCCﬁb = ig3faemfcnmfebn/ d(l/ dCQ/ dC3/ C2lﬂ_k ( Z<n> pa k ,zu_ CLQI{];‘% ku)
D . 2 a
= 29 faemfcnmfebn / dﬁ/ dC2/ dC d k (1 - Z Cn) pf);k Ms, (044)

where ¥ = k — (2q — (3(q — p) and a® = (¢m? + {(oq — (3(q — p)}?. Here we have

used eqn.(C.17). The integration over &’ is I} according to eqn.(C.1). It is clearly
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2
seen that the coefficient of = does not m?. Next we consider the diagram shown in
€

Fig. 3.10 and Fig. C.4. The loop integration corresponding to Fig. C.4 is

7
Wa
p % Jq
AL

Figure C.4 Diagram for one loop correction of trilinear coupling Aww.

! !
4 ao m2kaka

d*k g
1#04 - 1 amn Jcne Jme /— o k)H(k — YY) -
abe Zf f f b (27T)4p (p + ) ( +p Q) k2 — m?2 k4<k2 _ m?)
1

(p+k)2(k+p—q)?* (C.45)

Introducing the Feynman parameters (i, (5, and (3, we get the divergent part of loop
integration in D = 4 — ¢ dimension as

1 1 1 D1 3 o
ZFZI)C;4_ —_ Z.famnfcnefmeb/o' dgl/o dCQ/O' d€3/(gﬂ-l; ( Z ) pak‘“k ]7

n=1

= = Sitmbetun [ 6 [ [ [ s ( i ) o
=

(C.46)

where k' = k+Cp+C(p—q) and a® = (m2 4 [Gp + C3(p — ¢)]°. The integration over
loop momentum k in eqn.(C.46) is also I} which does not provide m? in the divergent
part. As a consequence, Z; and Z) are same as found in the massless Yang-Mills

theory [106] which we have used in eqn.(3.44) and eqn.(3.45).



Chapter 4

Conclusions

In this thesis, we have worked on topologically massive models where the Yang-Mills
gauge field acquires mass without breaking the global symmetry. We have considered
elastic scattering of massive non-Abelian gauge bosons in 3-+1 dimensions. Because
of the mass gap, cluster decomposition property of S-matrix holds in this model. We
have seen in the first chapter how mass-gap also plays the role in the interpretation
of confinement of gluons in QCD. The topologically massive model provides the CP
conservation which is necessary in QCD.

We wanted to see if in this model provides the unitarity of 2 — 2 elastic scatterings
among massive bosons at tree level remains unitarity. With the purpose, we consid-
ered SU(2) gauge theory for simplicity. It is a well known fact that if we take Proca
massive gauge bosons in a pure Yang-Mills model, then unitarity is violated. This
cannot cause any problem in the electroweak sector of the Standard model where we
consider WW — WW scattering process. Because the non-linear interactions among
gauge and Higgs fields cause the total amplitude behaving as required for unitarity
i.e. unitarity is not violated. In the non-Abelian topologically massive model, we have
considered various couplings among gauge and Kalb-Ramond fields. We have found

108
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that total amplitude of the scattering process M behaves as 0(E°) in the leading
order, which ensures unitarity. Since the model is renormalizable, the unitarity of the
models is guaranteed at every order of quantum correction.

Next we have seen a beautiful characteristic of topologically massive Yang-Mills
theory. We know that the asymptotic freedom exists in the pure Yang-Mills theory,
which says that the gauge coupling constant decreases with the increase of energy
scale. We see this behaviour by calculating the [ function. But if we include the
interactions among matter and gauge fields, then the rate of decrease becomes slower.
Since we considered various interactions among the YM and KR fields, it became
interesting to see the behaviour of gauge coupling in the topologically massive model
for SU(N) gauge theory. We have observed an interesting behaviour which is different
from the pre-existing notion of the contribution of matter field in beta function. The
beta function in this model becomes more negative than usual massless Yang-Mills

theory.
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